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An accurate knowledge of the viscosities of liquids in absolute units is of fundamental 


importance in many scientific fields. 


universally 


The 


measurement of 
based upon the absolute viscosity of water at 20° C as a 


these almost 


standard 


viscosities 1s 
primary 


During the past 50 years there has been an increasing need for a more accurate determina- 


tion of this standard 


Consequently, with the cooperation of the Society of Rheology and 


some financial assistance from the Chemical Foundation, this project was undertaken by 
the National Bureau of Standards and has now been completed. 


The determination was made by the method of capillary flow 
rates of flow 
and observations were made of the corresponding pressure drops through the 
the ends of the capillaries were rendered negligible by the 
treatment of data obtained with pairs of capillaries having essentially the 


injector, various known constant 
dimensions, 
capillaries. 
simultaneous 
same diameters but different lengths 

The value found for the 
which has generally 
of the new determination is 


The effects of 


0.000003 poise 


As a result of this work, beginning on July 
value 0.01002 poise for the absolute viscositv of water at 20° C as 
of viscometers and standard-sample oils. It 


is planning to use the 
the basis for the calibration 


By means of a calibrated 


were produced in capillaries of measured 


viscosity of water is 0.010019 poise as compared with 0.01005 
been accepted for the past 30 vears 


The estimated accuracy 
1, 1952, the National Bureau of Standards 


LS recommended 


that other laboratories adopt this value as the primary reference standard for comparative 


measurements of viscosity 


l. Introduction 


ie viscosity of a liquid is its internal resistance 
to flow. The accurate measurement of viscosity 
bsolute units is a difficult undertaking, and the 
difficulty is magnified greatly as the accuracy 
red is increased. However, if the viscosity of 
liquid is known, viscosities of other liquids in 
of that of the known may be determined very 
ately with relative ease. Because of its ready 
ailability, water at 20° C has been generally 
ed in the United States as the primary refer- 
ence standard, its viscosity being taken to be 0.01005 
[1].'. Other values reported in the literature 
2|, however, are in disagreement with this value 
by as much as +4 parts in 1,000 

In view of this uncertainty, in October 1931, 
chiefly at the instance of the late E. C. Bingham, 
the National Bureau of Standards began a redeter- 
mination of the viscosity of water at 20° C. This 
vork had the cooperation of the Society of Rheology, 
through whom (during the first 2 years) considerable 
inancial assistance was obtained from The Chemical 
‘Foundation. The problem was assigned to J. R. Coe, 
with the program subject to the review of N. E. 
Dorsey, who gave valuable advice and encourage- 
It was agreed that, although other methods 
might also be explored, measurements should be 
made by the capillary flow method. An accuracy 
»f at least 1 part in 1,000 was to be sought. 

By the end of 1932, the apparatus and experi- 
mental procedures described below had been largely 
determined upon, much of the apparatus had been 
lesigned in detail, and some of it had been built or 

cured. In addition, rough experiments to estab- 

li the feasibility of the method had been concluded. 
Initially, sufficiently uniform tubes were not 
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easily available, and a machine to lap the bores of 
glass tubes was built as an alternative to attempting 
to find suitable tubes by the examination of many. 
This work was described in a progress report in 
December 1932 [3]. This part of the project was 
not completed, because it was found in 1933 that 
satisfactory capillaries were then being made by the 
Jena Glass Works in Germany. During the period 
1933 to 1938, work on the project was subjected to 
frequent interruptions and necessary delays 

In the fall of 1938 conditions made it possible 
for T. B. Godfrey to join J. R. Coe in the work, 
which was continued without interruption until the 
fall of 1941, when it was again delayed by reason of 
the war. During the period 1938 to 1941 the 
apparatus was completed and assembled, the methods 
of calibration and flow measurement worked out in 
detail, and two series of flow measurements com- 
pleted. Tentative values for the viscosity of water 
at 20° C ? and at other temperatures based on these 
early measurements Were reported in a letter to the 
Editor of the Journal of Applied Physics [4]. It 
was recognized, however, that with the completion 
of so small a part of the contemplated series of 
measurements, only the necessity of indefinitely 
suspending work justified any statement at that time. 

Work on the determination was resumed in Jan- 
uary 1947 by J. F. Swindells, who completed the 
experimental program and reduced all the data. 


2. Theory of the Capillary Method 


When accurate viscometric measurements 
desired it is hecessary to limit the conditions to 
laminar flow within the capillary tube. Turbulent 
flow is governed by factors that make conditions 


are 


2 The value of 0.010020 poise for the viscosity at 20° C, 
that time, is in good agreement with the value 0.010019 
final result of the completed determination 


which was reported at 
+0.000008, whict the 











unsuitable for evaluating the viscosity. According 
to the laws of similarity, it has been shown [5] that 
the type of flow in a capillary is characterized by a 
dimensionless ratio, the Reynolds number, 2erD/n, 
in which ¢ is the mean velocity, r is the radius, and D 
and » are the density and viscosity, respectively, 
of the flowing liquid. Under ordinary conditions 
of capillary flow, sustained turbulence is not to be 
expected [5, chapter III] at Reynolds numbers less 
than 2,000. The present measurements were con- 
ducted in the range 100 to 650, and consequently 
the flow is assumed to be laminar, except possibly 
at the ends of the capillaries. 

The system under consideration consists of a 
capillary having square-cut ends and located be- 
tween two chambers that are large with respect to 
the bore of the capillary. The liquid in one chamber 
is accelerated from essential rest to the velocity 
in the capillary and then is brought to essential 
rest in the exit chamber. The measured quantities 
used in calculating the viscosity are 7’, the pressure 
drop between the two chambers; /, the length of 
the capillary; r, its radius; and (, the volume rate 
of flow. 

In the portion of a cylindrical tube remote from 
the ends the distribution of velocities across the tube 
is parabolic, and Poiseuille’s laws are known to 
apply when the flow is laminar. These laws are 
expressed by the equation 


dp. Sn@ (1) 

dl soxr* 
where dp/dl is the pressure gradient. Two kinds 
of corrections are necessary to modify eq 1 so that 
in its integrated form it will hold for a tube of finite 
length, in which account must be taken of the special 
conditions existing at the ends of the tube. First, 
the liquid entering the capillary is accelerated at 
the expense of the measured pressure drop. The 
amount of this conversion of static pressure to 
kinetic energy may be expressed as a part of the 
measured pressure drop by the addition of a term 
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in which m is a coefficient whose magnitude depends 
in part upon the flow pattern at the entrance end 
of the tube. Within the range of Reynolds numbers 
covered here, it is probable that the kinetic energy 
of the flowing liquid is entirely dissipated as heat 
in the exit chamber [6]. However, if there should 
be some conversion of kinetic energy to static pressure 
in the process of deceleration, it would be accounted 
for in the magnitude of m. 

The second correction that is required to account 
for the phenomena peculiar to the ends of the tube 
is the result of the work done against viscous forces 
in the rearrangement of the velocity distribution. 
The effect of this resistance in the converging and 
diverging streamlines at the ends of the tube is 
proportional to the radius and may be expressed as 











The effective 
length of the tube then becomes /+-nr, in which n 


a hypothetical addition to the length. 


is a constant. A rather complete discussion of 
both of these corrections is given by Barr [7]. 

The complete equation for the flow through a 
capillary tube is usually expressed in one of the 
following equivalent forms: 


4p 
cena P _ mD® (2) 
SQil+nr) S8xr(l+nr) 
8 ¢ mD& 
Pz oF (t- nr) ‘a (3) 
TI x r* 
P 8&y mD 
(l+-nr)+—--Q- (4) 
Q xr oo a i ‘ 


‘To calculate the viscosity from measurements 
made with a single capillary, numerical values 
must be assigned to m and n._ If, for a given liquid, 
the values of the pressure drop corresponding to 
various rates of flow are measured, values of P/Q 
may be plotted against Q, and a straight line results 
as long as m and n remain constant. Such data 
may be used to demonstrate the constancy of m 
and n under given conditions and also to evaluate 
m for a particular capillary through use of eq 4. 

When using capillaries of relatively large length- 
radius ratios, it is obvious that n is less significant. 
Conversely, this fact has prevented its evaluation 
with much certainty. Most of the published ex- 
perimental values lie between zero and unity [7], but 
in many cases the experimental error is nearly as 
large as the quantity being measured. The most 
reliable work seems to have been performed by 
Bond [8], who concluded that n=0.566+0.020 for 
the tubes that he used. However, some of Bond’s 
measurements were made with capillaries that were 
not sufficiently long for the parabolic distribution of 
velocities to become completely established, and 
consequently his results may not be strictly appli- 
cable to longer tubes. 

It is desirable, therefore, to calculate the viscosity 
from flow measurements that render uncertainties in 
the value of n completely negligible. This may be 
accomplished through the simultaneous solution of 
data obtained in two capillaries having the same 
radius but different lengths. If we denote the 
measured quantities associated with the longer 
capillary by the subscript 1, and those pertaining to 
the shorter by the subscript 2, we obtain from eq 3 
for the longer capillary 
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Subtracting eq 6 from eq 5 
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which the lengths can be measured. Accordingly, 
the viscosity may be calculated by the equation 
m which 
ar(P,—P. Ppt) — DQ 
8 (1, —l, ' win Sr 
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wever, it is not practicable to select two lengths of 

illary having identical radii, even if they are cut | in which values for m, and m, are obtained from the 
m the same length of tubing. Also, while the | flow data through use of eq 4, as mentioned above. 
»w data may show m and n to be constants for each 

be, they may not be the same for both. Con- x Apparatus 

juently, assigning the proper subscripts to r, m, 

dn in eq 5 and 6 and proceeding as before, the 3.1. General Description 


 wemevel eae becomes = 
re general equation become The experimental method involves flowing water 


through a capillary at various known constant 
rates and measuring the corresponding pressure 
drops through the capillary by means of a differen- 
tial mercury manometer. The general arrangement 
of the apparatus used in making the flow measure- 
hut if any reasonable values whatever are assigned | ments is shown diagrammatically in figure 1. The 

and m2, and r,; does not differ greatly from r:, | main elements are the viscometer, the injector for 
he quantity (m7,;—mnr,) will be negligible with | producing the flow of water through the capillary, 
spect to (/,—/,) within the order of accuracy with | and the differential mercury manometer. The 
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Figure 1. Schematic diagram of apparatus. 
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viscometer consists of a capillary mounted vertically 
between glass entrance and exit chambers. Glass 
tubes connect the entrance and exit chambers to the 
short and long arms of the manometer, respec- 
tively. <A reservoir above the viscometer is 
nected to the exit chamber by a spiral of glass 
tubing as shown. Mercury in the entrance chamber 
and the two arms of the manometer is represented 
by the black areas. The parts of the viscometer 
and manometer above the mercury are filled with 
water to a level in the reservoir that is higher than 
the point where the side tube from the exit chamber 
connects with the manometer 

The various rates of flow are produced in the 
capillary by injecting mercury into the entrance 
chamber at various constant rates, thus displacing 
water upward through the capillary. The water 
flows from the exit chamber into both the long arm 
of the manometer and the reservoir, maintaining the 
same level in each. The mercury is injected by 
means of an accurately ground and lapped piston 
driven at a uniform rate. The piston is geared to a 
synchronous motor operating on a source of electric 
power of controlled frequency. Different rates of 
flow are obtained by changing the gear combinations. 

The manometer consists of a mercury-filled U-tube, 
in which the short arm level is adjusted to a fixed 
height, and the level in the long arm is adjusted by 
addition or removal of mercury until the resulting 
mercury column balances the pressure drops through 
the capillary. The mereury in the manometer is 
manipulated by means of the manometer injector 
and mercury reservoir shown in the auxiliary bath. 
Constant-volume stopcocks are provided to shut off 
the two arms of the manometer from each other and 
for injecting mercury into either arm independently. 

The viscometer and manometer are mounted to- 
gether in a liquid bath maintained at the test tem- 
perature of 20° C. The temperatures of the main 
injector and the auxiliary apparatus for the manom- 
eter are held constant in separate baths, which are 
maintained somewhat above room temperature for 
ease in thermostatting. The connecting mercury 
lines between the injector and auxiliary baths and 
the viscometer bath are jacketed with liquid pumped 
from the viscometer bath to bring the mercury nearly 
to 20° C before it enters the manometer or viscometer. 


con- 


3.2. Main Injector 


The function of the injector mechanism is to pro- 
vide a known constant flow of mercury into the en- 
trance chamber of the viscometer, thus forcing water 
through the capillary at a rate that is constant when 
the manometer is at equilibrium. 

Figure 2 shows the injector and its driving 
mechanism without the constant-temperature bath. 

The injector consists of a vertically mounted, 
mercury-filled steel cylinder into which a steel piston 
is forced by a rigidly coupled screw. The screw, held 
from turning by outriders bearing on tracks parallel 
to its axis, is moved by a rotating nut held between 
thrust-type ball bearings. On the periphery of the 














Ficgure 2. Main injector with thermostat removed. 


nut is a worm gear driven by a worm on a horizontal 
drive shaft. This mechanism is driven through a 
change gear box by a synchronous motor. 

The piston, nominally 1 in. in diameter, is made 
of hardened, ground, and lapped Ketos steel. Its 
diameter is uniform to +0.00004 in. The piston 
enters the steel cylinder through a vacuum-tight 
gland that contains cloth impregnated with ceresin 
wax. The cylinder has an inside diameter of 1}, in.; 
thus there is a \¢-in. radial clearance between cylin- 
der and piston. With a clearance of this magnitude, 
the formation of voids is unlikely except in the pack- 
ing gland, and the volume of mercury expelled from 
the cylinder should be precisely the volume of the 
entering piston. The cylinder was _ thoroughly 
pumped out and filled with mercury under vacuum. 

The screw is made of hardened steel. It has a 
maximum diameter of 1 in., and an 8-pitch Acme 
thread. The mating threads of the nut are made of 
Babbit metal. The worm gear that forms the pe- 
riphery of the nut is of mild steel, and the mating 
worm is of hardened steel. These parts were spe- 
cially machined so as to have no periodic error 
greater than 1 part in 10,000 of their lead. The 
worm and gear give a 40-to-1 reduction. 

Speeds are changed by changing one or both pairs 
of meshed gears mounted outside the gear box. 
These are commercial grade, 32-pitch, \-in. face, 
helical gears. The drive is a 3-phase, 110-volt, \- 
horsepower, synchronous motor. 

Power for driving the injector mechanism is ob- 
tained from a constant-frequency generator driven 
by a special motor that takes its power from the 
commercial lines but has its speed automatically 


held in synchrony with a highly accurate 60-cycle | 
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nal originating in a quartz-crystal oscillator main- 
ned by the Radio Division of the Bureau. The 
ston and cy linder are immersed in a stirred oil bath 
lose temperature can be maintained at a chosen 
nt within +0.002° C. The worm-gear mech- 


ism, gear box, and motor are in a cork-lined 


losure directly above the oil bath 

The rate of delivery of mercury from the injector 
calculated from the measured delivery per turn of 
e worm drive shaft and the rotational speed of the 
aft. The speed of the shaft is calculated from the 
otor speed and the ratio of the gears employed 
ariations in speed caused by imperfections in the 


ange gears can be neglected as they are of short 

riod and tend to be integrated by the slow reac- 

m of the manometer to changes in pressure. (The 

me constants for the system will be discussed later. 
Variations in motor speed arising from frequency 

tuations in the power supply are guarded against. 
\ permanent magnet, held in a collar, is installed on 
he drive-motor shaft in such a way that it induces 
ilses in a stationary coil with every revolution. 
lhe frequency of these pulses is compared with that 
the 60-eyele control signal. If the power supply 
shifts more than 120° in phase with respect to the 
60-cyele control signal, a buzzer sounds. An oscillo- 
raph is used to determine whether buzzer warnings 
ndicate oscillations or actual gain or loss of cycles 
With these safeguards in operation, the drive speed 
is taken to be 1,800 rpm without error. 

The displacement of mercury by the piston per 
drive-shaft turn was determined by advancing the 
piston through its stroke in steps, catching and 
weighing the mercury displaced in each step. For 
this purpose a revolution counter and a divided drum 
were attached to the drive shaft, permitting reading 
of intervals to +0.001 turn. The mercury ts ejected 
through a delivery tube attached to the mercury line 
from the evlinder. This tube, similar to those used 
in ice calorimetry [9], was made by blowing a small 
spherical bulb at one end of a glass capillary tube 
This bulb was then ground off in a plane perpendic- 
iar to the axis of the tube until the wall at the 
bottom was just broken through. With such a ter- 
minal configuration, the tube being mounted verti- 
cally, the mercury thread tends to break, leaving the 
bulb full, and variations in the delivery of mercury 

‘ minimized. 

The smallest interval into which the total stroke of 
the piston can be divided is governed by the precision 
with which the mercury thread in the delivery tube 
can be broken, and the constancy of volume of the 
somewhat elastic cylinder and connecting tube. Re- 
vated measurements of the mass delivered by the 
ston over a short part of its stroke showed a 
standard deviation of 3 mg from the mean. 

The total delivery for a complete stroke of the 

ston is 109 em*® (1,470 g of mercury). The drive 
shaft makes 2,700 turns in driving the piston through 
his distance. For calibration, the total stroke was 

vided into 20 approximately equal intervals, each 
responding to about 135 turns of the drive shaft 

d a displacement of 73.5 g of mercury. In each 

terval the injector was driven under power for the 


required number of turns and allowed to coast to rest. 
The next interval was begun from this point of rest. 
In this way the slack in the drive was always kept in 
the same direction, minimizing variations arising 
from play in the driving gears and screw. The deter- 
mination of the exact length of a particular interval 
in terms of number of turns of the drive shaft was 
obtained from the difference of two readings of the 
counter and divided drum on the shaft. As each 
reading was made to + 0.001 turn, the length of each 
interval could be determined to 0.002 turn, or 1.5 
parts in 100,000 

The increments of mercury were weighed with an 
accuracy of about 0.3 part in 100,000 

The mean rate of delivery for the entire stroke, 
expressed as mass displacement of mercury per turn 
of the drive shaft, was calculated by summing the 
masses of mercury delivered in all of the intervals and 
dividing by the total number of turns for the com- 
plete stroke. The uniformity of the rate of displace- 
ment throughout the stroke was obtained by a com- 
parison of the rate calculated for each interval with 
the mean rate. 

The first calibrations of the injector indicated that 
rate of displacement was not constant throughout the 
entire stroke of the piston, being more uniform dur- 
ing the second half of the stroke Asa consequence, 
only the second half of the piston stroke was em- 
ployed in the earlier measurements. 

Six calibrations were completed prior to 1941, 
five being made with the injector at 30° C and one at 
35° C. The mean rates of delivery obtained in these 
calibrations for the portion of the stroke used in the 
intervals 12 through 19) are 
The rates at 35° C were computed 
made at 30° C, using 


flow measurements 
given in table 1. 
from the calibrations 
37.8107-°/°C as the cubical coefficient of thermal 
expansion for the Ketos steel piston [12] and 
181.0 107°/°C for the coefficient for mercury. (See 
appendix A. 


Vain March 1939 through 


injector calibrations 
January 1940 


TABLE 1 


Deviations from the mean rates of delivery for each 
calibration are shown in table 2. The computed 
standard deviation from the mean of a given calibra- 
tion is given, and the standard deviation from the 
mean of each interval is given for the six calibrations. 
On the basis of the experiments with the delivery tube 











which showed a standard deviation of 3 mg of mer- 
cury as previously stated, the deviation to be ex- 


pected from this cause would be +4 parts in 100,000 
for intervals of this size. It is seen that the devia- 
tions in the first four calibrations are about twice this 
great and are over 10 times as large in the last two. 
It must be concluded then that variations in rate of 
delivery do exist along the piston. There are also 
real variations from calibration to calibration, espe- 
cially in the last two. The relatively large changes 
between the fourth, fifth, and sixth may have been 
caused by slight shifts in the packing gland. These 
variations are not considered serious as the agreement 
between the mean rates, as shown in table 1, is very 
good for all six calibrations, and short-period varia- 
tions along the stroke of the piston tend to be inte- 
grated by the manometer 


TABLE 2 Deviations mm parts per 100,000 from the mean rate 


of delivery for each calibration 


Calibration Standard 
t jation 
b each 
2 i t interval 
12 l ; ! 12 
1S 2 It l ‘ 7s Pri 
“4 i ! s “a “) 
l 4 7 1s 5 
1 ‘ 2 ‘ ‘ 2 ‘i 
i ! T 7 +0 0 T +22 
Is 2 +1 ‘ 1 + i 
19 2 ‘ ® 12 ® 
Standard 
dev tation +¥ +s +5 +s +4 +44 


It should be pointed out that the variations in the 
separation of the mercury at the end of the delivery 
tube enter only twice in the determinations of the 
mean rates given in table 1. A deficiency in delivery 
at the end of 1 interval results in a high delivery in 
the following interval, and only the start of the first 
and the end of the last interval have any effect. The 
expected deviation from this cause is thus reduced to 

t- 0.5 part in 100,000 for the portion of the piston 8 
intervals long. 

The earlier flow measurements (series I and II, to 
be identified later) were made with this filling 
with the injector thermostatted at 35° C, and rates 
of flow in the viscometer were based on the value of 
0.54358 g/turn, which is the mean of the values given 
in table 1. 

Following these calibrations, work on the project 
was interrupted until January 1947. When the work 
was resumed in January 1947, the laboratory was 
air-conditioned. This made it possible to thermostat 
the injector at 30° C instead of 35° C. After the 
injector had been disassembled, cleaned, and refilled, 
three calibrations of the rate of delivery of the in- 
jector at 30° C were completed before making flow 
measurements. These data indicated that the useful 
part of the stroke of the piston could be extended to 
include intervals 5 through 19 without seriously 
affecting uniformity of delivery. Consequently this 
longer portion of the stroke was used for the later 
measurements. 


Six calibrations were made in 1947 and 1948 on this 
| filling of the injector before the injector was agai 
refilled. The results of these six calibrations ar 
given in table 3. In calibrations 10, 11, and 12, th 
stroke of the piston was not interrupted at the end 
of each interval, the total delivery of the injector for 
intervals 5 through 19 being collected and weighed 
in one bulk. The weighings of these relatively larg: 
quantities of mercury were made by the Mass Section 
of the Bureau with an accuracy of 1 part in 100,000 
No significant difference was apparent in the mean 
rate of delivery as determined in bulk as compared 
with the calibrations by intervals. 





TABLE 3. Calibrations with second fillina of injector 
Measured 
| Calibration Date rate at 
30° C 
7 4/2/47 
Ss. 7/7/47 
7) 7/22/47 
10 * s/4/47 
ll * 1/3/48 
12* 1/3/48 
Mean 0. 54392 


* Calibrations not made by increments. 


The deviations for calibrations 7, 8, and 9 are given 
in table 4. They are seen to be somewhat larger 
than those for the first four calibrations with the 
initial filling but are much smaller than those for 
5 and 6. 


TABLE 4. Second filling of inje clor 


| Deviations in parts per 100,000 from mean rate of delivery for each calibration 


Standard 
deviation 


Calibration 





Interval each 
7 s a) interval 

5 8 2 +2 t 
6 1 29 15 +14 
7 25 12 17 8 
a 4-7 +9 8 11 
9 —18 19 —13 3 
10 +13 +13 +1 +2 
il -12 —10 14 +2 
12 +1 +1 +-10 +6 
13 +24 +24 +27 +2 
14 -9 +2 } +6 
15 +6 +13 +14 +5 
16 —§ +3 9 +8 
17 +6 —27 —19 +20 
18 +18 +8 +10 +5 
19 +3 +26 +19 14 
Standard 

deviation +14 +17 +17 


Flow series III and IV were made with this second 
filling with the injector thermostated at 30° C, 
rates of flow were calculated by using the mean value 
of 0.54392 g/turn shown in table 3. 

Following the fourth series of flow tests, the 
injector was again cleaned and refilled. The results 


of the five calibrations made with this third filling 
are given in tables 5 and 6. 





The deviations shown in 
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able 6 are about the same as were found for the 
second filling. The data given in table 5 indicate an 
nerease in the delivery rate of about 7 parts in 
00,000 over the period of about a year and a half 
overed by these calibrations. This was not 
sidered serious, and as with the previous fillings, the 
nean of the five calibrations was used in calculating 
the flow rates. The latest flow series V 
through XII, were completed with this filling, 
0.54396 g/turn being taken as the rate of delivery for 
the injector. 


con- 


tests, 


TABLE 5. Calibrations with third filling of injector 
Measur 
( D> rate a 
‘ { 
24/48 0. 54393 
i 45 54.3905 
6/49 4508 
8/19/49 54397 
21,49 4397 
Mear 0. 4396 
Pare 6 Third fillir , lo 
) | 10,000 1 i 
( t Standard 
' leViat 
I each 
‘ ntery 
7 4 | 
» ‘ 
) 8 s 
s 1v y 2a v4 ; 
’ 20 2 2 l s 
y 4 | 10 11 
l 12 t ! » +s 
12 17 . 22 2 2 11 
0) » 25 0) 4 
i4 12 5 i s 
1 i +1 ‘ ( ’ ( 
‘ ‘ ‘ 9 2s 32 l 
I 2 ! 3 1 
Is 17 +5 7 7 11 
19 27 4 +8 2 l 


Standard 
levia 


The over-all performance of the injector was very 
satisfactory. No significant changes in the mean 
delivery rate were found even after the injector had 
been idle for the period of 6 years between the first 
and second fillings. The mean of the six calibra- 
tions with the first filling was recalculated to in- 
clude the intervals 5 through 19 and found to be 
0.54394 g/turn. This result compares very favor- 
ably with the values of 0.54392 and 0.54396, which 
were obtained with the second and third fillings, 
resp ctively, and it is felt that the mean rates of 
delivery used were known to somewhat better than 
| part in 10,000. 


3.3. Manometer 


The general operation of the manometer has been 
described above. Both arms of the manometer 
are constructed of glass tubing, the inside diameter 
of which is 0.97 in. 
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The lower ends are ground on a taper and cemented 
into matching stainless-steel which connect 
to the mercury lines, as shown in figure 1. These 
connectors are mounted in a duralumin frame, which 
also supports the upper parts of the manometer and 
viscometer 


seats, 


The short arm is about 3.5 in. high and is ground 
at the top to fit a stainless-steel cap which 1s 
cemented in place. The small tube that runs from 
the side of the cap to a gas-tight valve situated above 
the liquid level in the bath, serves to vent air from 
the top of the short arm when the apparatus is being 
filled with water. A weight, not shown in the 
figure, bears on the cap to prevent its being unseated 
under pressure 

The level of the mercury in the short 
adjusted until it just makes contact with a fixed 
stainless-steel rod that projects downward from the 
cap asshown. This rod terminates in a point having 
an included angle of 60 Contact between mercury 
and rod is determined electrically as described below. 

The heights of mercury in the long arm are meas- 
ured from a fixed surface plate above the mercury 
by means of calibrated stainless-steel depth gage 
rods, which fit in a micrometer head having a range 
of 1 in These rods are *{¢ in. in diameter and cover 
the range from 11 to 50 in. in 1-in They 
terminate in pointed tips similar to the tip of the 
fixed rod in the short arm. The surface plate is 
bolted to the duralumin frame, which supports the 
viscometer and manometer. The depth gage 1s 
clamped in a position directly over the long arm, as 
shown in the figure. Glass flats are used to insulate 
the gage electrically from the surface plate. The 
rods pass through a hole in the steel plate and enter 
the long arm, which extends above the liquid level 
in the viscometer bath. 


arm 1S 


steps 


The electric circuit in each arm, used to locate 
the mercury surface, consists of a 1.5-volt dry cell, 
a 30,000-ohm resistor, and a microammeter, all in 
series with the contact. With pointed tips on the 
rods and reasonably clean mercury-water interfaces, 
the mercury does not cling to the point, and contact 
is sharply indicated. It was found essential that 
the potential of the rods be negative with respect 
to the mercury. When the rod is made positive a 
nonconducting layer is immediately formed. Even 
with negative contacts, some electroly tic action takes 
place, and if the current is left on too long (several 
hours) a troublesome precipitate may form on the 
mercury surface. It is not necessary to insulate 
the rods from the water. For convenience in 
matching the contacts in the two arms, twin micro- 
ammeters having 50-ya scales are mounted side-by- 
side. 

The long arm is mounted as nearly vertical as 
possible, and the surface plate is carefully leveled. 
Nevertheless, the rods did not always make contact 
with the mercury in the center of the meniscus. In 
these cases the rods were rotated in the gage head 
until a minimum micrometer reading was obtained. 
This procedure was followed during the first three 
series of flow measurements. Thereafter the gage 








rod in use was provided with a brass centering disk 
fastened near its tip. This disk has a diameter of 
% in. Thus the tip was constrained within a \-in.- 
diameter circle at the center of the mercury meniscus. 
Calculation of the shape of the mercury meniscus 
[11] indicates that the error in locating the apex is 
not more than 0.0003 in. with the tip so restricted. 

Loss of sensitivity in the long arm was encountered 
occasionally when the meniscus became contami- 
nated with foreign matter. This surface was cleaned 
by applving vacuum to a long glass tube that was 
inserted in the long arm until its tip just touched 
the mercury surface. 

It is estimated that the height of the column of 
mercury in the manometer may be measured with a 
precision of 0.0005 in. or better over the range of 
0 to 40 in. 

The auxiliary apparatus for manipulating the 
mercury in the manometer system has been men- 
tioned previously. Coarse adjustment of the mer- 
cury in the long arm is attained by forcing mercury 
from the reservoir by gas pressure applied through a 
connection in the gas-tight cover, as shown in 
figure 1. 
with the manometer injector. This injector is 
essentially similar in design to the main mercury 
injector. It has a %-in. piston fixed to a 12-pitch 
Acme screw. The piston is driven manually through 
a worm and gear having a 40-to-1 ratio. One turn 
of the hand crank on the drive shaft raises or lowers 
the mercury level in one arm by 0.0012 in. 

The valves in the steel valve block are of the plug- 
and-barrel type. The rotating plugs are Ketos steel 
cylinders, hardened, ground, and lapped into hard- 
ened Ketos steel sleeves held in the mild steel body 
of the valve block. In the open position, ‘-in. 
transverse holes through the plug and block are 
brought into alinement. In the closed position 
reliance is placed upon the very small clearance 
between plugs and sleeves to insure mercury tight- 
ness. The valve stems pass through vacuum-tight 
packing glands, which permit evacuation of the 
system for filling with mercury. 

The first step in using the manometer is to obtain 
the manometer zero, which is a measure of the 
vertical distance between the contact point in the 
short arm and the surface plate on which the microm- 
eter depth gage head rests. With no flow of mercury 
into the entrance reservoir of the viscometer, the 
manometer will come to equilibrium with the mer- 
cury at the same level in each arm. Mercury is 
added to the manometer system until this equilibrium 
is reached at the level of the contact in the short arm. 
The mercury level in the long arm is then measured 
from the surface plate, using the longest rod in the 
depth gage. The micrometer head reading for this 


condition is a measure of the desired vertical distance 
and is called the manometer zero. 
designated by M, 

To obtain the height of mercury in the manometer 
for a given flow condition, mercury is forced into the 
long arm until it stands at its anticipated height. 
Then, with the main injector running and water 


This reading is 





as shown approximately in figure 1. 


flowing through the capillary at the desired rate, the 
two arms of the manometer are opened to each 


other. Mercury is added or withdrawn from the 
manometer system as necessary until equilibrium is 
reached with the mercury in the short arm at the 
level of the contact point. The mercury then stands 
The distance 
from the surface plate to the level of mercury in the 
long arm is measured by means of a gage rod of 
suitable length. The micrometer head reading fo: 
this condition is designated by Mg. The differentia! 
height ef mercury in the manometer is calculated 
from the difference between this reading and the 
manometer zero. The height of mercury is equal to 
M, minus Mg plus the difference in length between 
the longest gage rod and the particular rod used in 


| obtaining Mo. 


| 


Fine adjustments in either arm are made | 


| 
| 
| 
| 
| 
| 





| changes in the lengths of the rods. 


When the differential heights of mercury are 
measured in this manner, the actual lengths of the 
gage rods need not be known, and hence only 
differences between the longest, which is used in 
obtaining the manometer zero, and each of the other 
rods are determined. As it was not practical to cut 
the rods such that the differences in length were in 
steps of exactly 1 in., this was closely approxi- 
mated, and the actual differences were measured, 
using Hoke gage blocks. These calibrations were 
repeated as often as was necessary to follow the 
It is felt that the 
corrections were known to within at least 0.0004 in. 


| The results of these calibrations are given in detail 


in appendix B. 
3.4. Viscometer 


The viscometer is arranged as shown in figure 1. 
The capillary is mounted vertically between two 
terminal chambers. Terminal pieces are perma- 
nently cemented to the ends of the capillary with a 
phenolic elastomer (Permacel JX—5). The outer 
surfaces of the terminal pieces are conically ground 
to fit the tapered joints in the hemispherical ends of 
the chambers, as shown. The tapered joints are 
sealed with Apiezon, Hard Wax W to insure water 
tightness and permit the interchanging of the 
different capillaries used in the viscometer. The 
lower, or entrance, chamber is constructed of glass 
and is about 2.2 in. in diameter and 4.5 in. high. Its 
lower end terminates in a tapered joint that is 
cemented with the Hard Wax W, to the end of a 
fitting connecting to the mercury line from the main 
injector. The wax joints are coated with an auto- 
mobile gasket shellac to protect the wax from the 
solvent action of the bath oil. The exit chamber, 
also of glass, is about 1.7 in. in diameter and 4 in 
high. it is connected by glass tubing to both the 
reservoir and the long arm of the manometer, as 
shown. By this means the same water level is main- 
tained in both the viscometer and manometer. The 
capacity of the reservoir is sufficient to accommodate 
the volume of water that is displaced through the 
capillary by a full stroke of the main injector. 

In this system, an increase or decrease in the 
height of mercury in the short arm of the manometer 
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quires a corresponding flow of water out of, or 
ito, the short arm through the side tube connecting 

with the entrance chamber. Thus, until equilib- 
um is reached, the rate of flow of water through 
he capillary will not correspond to the rate of flow of 
yercury into the entrance chamber, but at any time 

ill depend on the pressure indicated by the differen- 
al height of mercury, A, in the manometer. If ¢q is 
he rate of flow through the capillary and Q is the 
ate of flow of mercury into the entrance chamber, 
t can be shown that g approaches Q as A approaches 
he limiting value corresponding to flow Q through 
he capillary. 

As there is flow through the tube connecting the 
xit reservoir with the long arm, this tube offers 
ome viscous resistance in series with the capillary. 
It can be shown that the pressure drop through the 
apillary plus this connecting tube is given by 

Dug—Dy)g, where Dy, and Dy are the densities 
if mercury and water, respectively, and g is the 
eceleration of gravity. However, neglecting for 
he time being the small viscous resistance offered 
by the connecting tube, and using only the relatively 
arge first term in eq 3, we can write 


Sn l+-n 
A- ( 10) 
Ti ‘(Das Dy g ! 
If 
Sni(l ni I: 
nr’ Dug Dy gq ) 
eq 10 is rewritten 
h 1 
Lf ° ) 
1 E 


For the condition where q is not equal to Q, the 
flow of water into or out of the short arm of the 
manometer is given by A(1/2)dh/dt, in which A is 
the cross-sectional area of the manometer tubing 
and dh/dt is the rate of change of pressure head. 
The total flow may then be expressed as 


oh Aah. aa 
<=ETO Ut @) 


Integrating with @ constant gives 


h kQ4C-e ’ (13) 


in which C is a constant. This equation shows that 
the height of mercury in the manometer approaches 
a value corresponding to flow Q through the capil- 
lary, being precisely £Q at infinite time. 

In practice, the manometer is preset to approxi- 
mately its final height and then allowed to approach 
its precise equilibrium value. The flow time until 
final readings may be taken depends on the accuracy 
attainable in measuring the height of mercury in 
the manometer. 

Letting Aho represent the amount by which A 
differs from kQ at the start of flow and Ah, the dif- 
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ference after time f has elapsed, we can write 


Ah "A 
é ’ 14 
Ah, 
from which 
kA Ah 
eet In (Nn, ) oe 


Thus, through use of eq 15 one ean calculate the 
time required to reduce Ah, to any desired fraction 
of Aho. 

The results are given in table 7 for each of the 
capillaries used. These times are designated as 
time constants of the manometer and are shown for 
various values of the ratio Ah,/Aho. The capillary 
designations given in the table will be identified 
later 


Vanometer time constants in minutes 


TABLE 7 


It is evident that with time constants of the mag- 
nitudes shown in table 7, periodic variations in ( 
resulting from imperfections in the change gears and 
injector delivery will not introduce appreciable error 
in the measured pressure. 

As mentioned before, the measured pressure in- 
cludes the pressure drop through the tube connecting 
the exit reservoir and the long arm. If P is the dif- 
ference in pressure between the end reservoirs, /, 1s 
the length of the connecting tube, rr is the radius of 
the connecting tube, B is the cross-sectional area of 
the reservoir, and the other symbols are as before, 
it is seen that 


] 4 
h( Dug Dyw)g ak + ra 5 »)} (16) 


h( Dug Dw)g - (17) 


The calculated value of this factor by which h(Da,— 
Dy)g must be multiplied to give the pressure drop 
across the capillary alone is as follows for each 
capillary used: 


Capillary Factor 


2.5 0. 999995 
2a 999980 
1.4 999907 
14a . 99999 | 











While these corrections are insignificant relative to 
the precision with which the manometric measure- 
ments were made, the corrections were applied. 


3.5. Temperature Control 


The oil baths by means of which the temperatures 
of the various parts of the apparatus are maintained 
constant consist of metal tanks insulated with a mini- 
mum thickness of 3 in. of ground cork. Inside each 
tank and close to the side is a vertical stirrer tube 6 in. 
in diameter extending from above the oil surface to 
a point a few inches above the bottom. 
on an axial shaft in the tube draws oil from the bath 
through a port just below the oil level and discharges 
it into the tank near the bottom with sufficient veloc- 
ity to keep the main body of oil in fairly rapid mo- 
tion. Electric heating coils and mercury-in-steel 
thermoregulators, annular in form, are mounted, one 
above the other, in the stirrer tubes in such fashion 
that oil flows down over both their inner and outer 
surfaces. 

The viscometer bath is held at 20° C by artificial 
cooling. To effect this cooling a tank of light oil is 
maintained at 15°+0.1° C by a refrigerating system 
in conjunction with an automatically controlled elec- 
tric heater. The oil from this tank is pumped at a 
steady rate through a coil in the stirrer tube in the 
viscometer bath, and the temperature is controlled 
by a thermostatically regulated heater. This system 
of temperature regulation was used during the first 
two series of flow measurements and provided control 
to+0.004 deg C. Following these tests the appara- 
tus was idle for 6 years. When work was resumed, 
it was found that this thermoregulator was insensi- 
tive. For the later flow measurements this bath was 
controlled by manual regulation of a variable trans- 
former. Although tedious, the control was of the 
order of +0.001 deg C. As the viscosity of water 
changes by only 1 part in 10,000 for a temperature 
change of 0.004 deg C in the neighborhood of 20° C, 
this control was more than adequate. 

The main injector and auxiliary baths were held 
above room temperature, and therefore no artificial 
cooling was required. The injector bath was found 
to hold its temperature consistently to +0.002 deg 
C. The thermoregulator in the auxiliary bath was 
not designed to be as sensitive as the other two, and 
the temperature control in this bath was +0.01 
deg C. Temperature variations of the magnitudes 
found in these baths cannot affect the measurements 
by as much as 1 part in 100,000. 

Standard electric circuits were used with the 
thermoregulators. Steady currents through the 
heating coils, not quite sufficient to maintain temper- 
ature, were periodically augmented by intermittent 
currents controlled by the regulators. By means 
of motor-driven variable resistors, the steady cur- 
rents were automatically adjusted to changing room 
temperature, temperature distribution in bath insula- 
tion, and line voltage. 

Two thermometers were used in the viscometer 
bath, one at the level of the entrance chamber of 
the viscometer and the other at the level of the exit 
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| chamber. 


A propeller | 





Temperature gradients were so smal 
that readings on these two thermometers alway: 
agreed within 0.002 deg C. 


When flow measurements are being made th 
mercury leaves the injector at a temperature 10 de, 
or more higher than that of the viscometer bath 
In order to bring the temperature of the mercury 
close to 20 deg C before it enters the entrance 
chamber of the viscometer, oil is pumped from th: 
viscometer bath through a copper jacket placed 
around the mercury line. The returning oil is dis 
charged into the top of the viscometer bath stirre: 
tube, and hence its effect is to improve stirring 
rather than to increase temperature gradients 
throughout the bath. Experiments were performed 
to measure the effectiveness of the precooling of the 
mercury entering the viscometer. A thermomete: 
was introduced into the entrance chamber through 
the ground joint normally holding the capillary. 
With the viscometer bath at 20°C and the main 
injector bath at 35°C, the temperature of the water 
in the chamber was measured at various rates of 
flow of mercury into the chamber. Even at the 
highest rates of flow used (0.25 cm*/sec), no measur- 
able temperature difference between the water and 
the bath liquid was observed. 

Temperatures were measured with platinum re- 
sistance thermometers and a Mueller thermometer 
bridge. The thermometers were calibrated several 
times at the steam and suifur points, and more 
frequent readings were taken at the ice point or 
triple point of water. Every 2 months, or oftener, 
the bridge was calibrated in terms of a 10-ohm 
secondary standard. Regular calibrations of the 
standard were made by the Resistance Measure- 
ments Section of the Bureau. It is believed that 
temperature measurements were made with an 
accuracy of +0.001 deg C. 


4. Capillaries and Their Measurement 
4.1. Selection and Preparation 


Flow measurements were made with four capil- 
laries. One length of capiallary was selected in 
each of two diameters, and, after measuring their 
dimensions and making the necessary flow measure- 
ments, they were cut in half, and the measurements 
were repeated with one half-length of each tube. 
In this manner flow data were obtained on two pairs 
of capillaries, the tubes in each pair being close to 
the same diameter but having different lengths. 

The capillaries were selected from FS Precision- 
Bore capillary tubing obtained from the Fish- 
Schurman Corp. The first selection was made in 
1938 from three tubes of Jena Duran Glass 3891-III 
having external diameters of about 5 mm and 
internal diameters of about 0.5 mm. The capillary 
selected was numbered 2.5 and the half-length, which 
was later cut from this tube, was numbered 2.5a. 
Three more tubes were obtained from the same com- 
pany in 1947. These were of Pyrex and had about 
the same external diameter but had a bore diameter 
of 0.4 mm. The capillary chosen from this stock 
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ments were made with a microscope having 
micrometer 
made at points spaced | 





s designated as No. 1.4 and the half-length as 1.4a 
[he tubes were chosen for uniformity and straight- 
of bore and freedom from blemishes. The 
iracter of the inner surfaces was examined under 
\icroscope with the bores filled with water, while 
examination for uniformity of bore was made 
th the tubes mercury-filled. The uniformity of 
tubes was such that the selection could be made 
m the first few obtained. 
{n unused length from the stock of Jena glass was 
tioned part way along its bore in such a way 
expose the surface of the bore for examination 
portion of the exposed surface was photographed 
magnification of 200 and is shown in figure 


as 


\ 
[his section is ty pical of the surface of the bore of 
pillaries 2.5 and 2 The surface shown in 
ire 3, B is typical of the Pyrex capillaries 1.4 and 
fa. It that both of surfaces are 
iracterized by many longitudinal grooves. These 
oves vary in width between about 0.002 and 0.008 
m and are considerably less deep than wide. The 
‘vrex capillaries are singularly free from very many 
er markings. The Jena capillaries have regions 
pits and elevations superimposed upon the grooved 
arkings. All of these surface markings are 
all in relation to the diameters of the capillaries, 
wever, that it is believed their viscometric effects 


Ou 


Is seen these 


so) 


innot be serious. 
To examine for uniformity of bore the mercury- 


filled capillary was immersed in oil having the same 


Diameter measure- 
1 filar 
measurements were 
except that the 


ndex of refraction as the glass 


5 
2 


Such 


» em apart, 


eyepiece 


points nearest the two ends of a tube were taken 1 


m from the end. Measurements were made at 


ach point in four radial directions spaced 45° apart. 


The results obtained with capillary 2.5 are given in 
table 8. The micrometer eyepiece was not accurately 


calibrated, and therefore the numbers in the table 


ments was about 


\ 


re in arbitrary units. The precision of the measure- 
1 part in 500. The ends of this 
ibe were designated as 1 and 2, and the distances 
o the points at which the diameter measurements 
ere made were taken from end 1 


RLE §&S Optical measurements of the diamete of capilla 
g 5, arbitrar ¥ units 
Radial dir 
Distance 
rom end | 
{ 45 PI 
cm 
l 1124 123 28 21120 
1124 1121 27 121 
l 1125 127 24 123 
| 112 1123 1 
20 1127 122 123 
2 1124 1124 2 1129 
0 1125 112 2 1128 
35 1122 1121 1123 
40 1129 1127 1124 
45 1129 1123 2 1124 
49 * 1120 1124 24 1126 
lighest and lowest values 
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Photomt« rod aphs of surface of capillar / bores 
A, typical B, typical of Pyrex gla 


URE 3 
Magnificat x 2K f Jena gla 
It is seen that the maximum variation shown by 
the measurements given in table 8 is only 1 percent. 
The effect of variations of this order will be discussed 
later under “Caliber corrections.”’ 

Similar measurements made on capillary 1.4 are 
given in table 9. The ends of this tube were num- 
bered 4 and 5, and the distances are measured from 
end 4. The bore of this capillary is seen to be about 
as uniform as that of capillary 2.5, showing a maxi- 
mum variation of 1.3 percent 

Following this selection, the ends of the capillaries 
were fitted with glass terminal thet the 
bores terminate in circular planes | cm in diameter. 
The end planes of the terminals were ground normal 
to the axis of the bores and then polished until good 
sharp edges were obtained at the intersections of the 
cylindrical bores with the terminal planes. 

When the longer capillaries 2.5 and 1.4 were cut in 
half, new terminal pieces were cemented at the cut 


pieces so 
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ends only Thus, the shorte capillaries 2 5a and 
l.4a each had one new end and one end from the 
original tube. Capillary 2.5a retained the original 
end number | from capillary 2.5, and its new end 
was numbered 3. Similarly, capillary 1.4a had the 
original end No. 4, and the new end was numbered 6 
These numbers will be used later in identifying the 
direction of flow through the capillaries during the 
flow measurements 

The ends of the bores of the capillaries are shown 
in figure 1. The finished edges of the bores were 
not always perfect, as shown particularly by A and F 
The badly chipped edges shown in D occurred aftet 
the flow measurements involving this end had been 
nearly completed The three series of flow measure- 
ments had been completed with capillary 1.4, and 
the chipped places appeared on disassembling the 





Ficure 4 


apparatus after the first series with capillary 1.4a 
The second series with 1.4a was made after the chip 
It will be apparent from the dat 
given later that these chipped plac es did not measu 
ablv affect the results 


were discovered 


4.2. Mean Radii of the Capillaries by the Gravimetri 
Method 





Although optical measurements of diameter ar 
useful in describing the variations in shape and ar 
of cross section of the bore along vu tube. such meas 
urements cannot be made with sufficient accura 
to deduce a mean radius that may be used in calet 
lating the resistance to viscous flow offered by th 
tube Consequently, 


other methods were used 1 
obtain the mean radii of the capillaries 

The first method used involves the weighing o 
the quantity of mercury required to fill the tube 
The mean area of cross section is calculated by usin 
the known density of mercury and the length of 
the tube. 

For these determinations a clamp was made so 
that one end of the capillary could be closed off by 
means of a glass optical flat clamped against th 
polished face of the terminal piece. The optical 
flat extended sufficiently beyond the edge of th 
terminal piece to permit a nickel ring to be cemented 
to it to hold mercury as a vacuum seal when the 
capillary was supported vertically. By means of 
a ground glass joint, the terminal piece at the upper 
end of the capillary was cemented to a vacuum 
system. The tube was then filled under vacuum 
with double-distilled 


mereury 


and. disconnected 





Photomicrographs of the ends of the capillaries 


Magnification X75 A, Capillary 2.5, end 1; B, capillary 2.5, end 2; C, capillary 
2.5, end 3; D, capillary 1.4, end 4; E, capillary 1.4, end 5; F, capillary 1.4, end ¢ 














m the vacuum system. The mercury-filled tube 
s mounted vertically in a well-stirred water bath 
h temperature control. A platinum resistance 
rmometer was used to determine the temperature 
the water in the bath. The upper end of the capil- 
vy was allowed to extend about 4 mm above the 
ter level, and on the flat horizontal surface of 
end piece was placed a small glass optical flat 
ough which the suitably illuminated end of the 
could be observed with the aid of a magnifying 
Observations were then made to determine 
exact temperature at which the bore was com- 
tely filled. As the temperature Was increased 
area of contact between the mercury and the 
ical flat increased until the area became equal 
the cross-sectional area of the bore. The appear- 
of the iaterference fringes between the flat 
the face of the end piece aided in determining 
hen the flat was in close contact with the face and 
t pushed up by the mercury. 






Having determined the temperature at which 

’ the bore was just full, the bath temperature was 
vered until the mercury was no longer in contact 

h the flat. The flat was then removed and the 

ipillary taken out of the bath and dried. The 
mercury in the bore was then ready to transfer to 
i small bottle for weighing. This was accorn- 
plished by first carefully removing the mercury 


f from the seal at the clamped end. The capillary 
yas mounted in a position about 30° from horizontal 





. 
' with the closed end high, and the clamp seal was 
opened slowly allowing the mercury to flow into the 
; weighing bottle. Occasionally the mercury thread 


would break leaving a small filament of mercury 
in the end of the tube. This was removed by the 
ventle application of air pressure at the opposite 
end. The capillary was then examined with a 
magnifying glass to make certain that no mercury 
remained, 

Measurements of the air temperature made in 
the region up to about 3 cm above the liquid level 
in the bath showed that, under the prevailing con- 
ditions, the temperatures were about 0.5 to 1 deg 
C above that of the bath. This was found to be the 
ease for bath temperatures between 20° and 31° C 
all room temperatures experienced. On _ this 
basis, the error in determining the mass of mercury 
required to fill the capillary, iatroduced by not cor- 
recting for the temperature of the 4 mm of capillary 
exposed above the bath liquid, was less than 3 parts 
per million for any of the capillaries used. 

\ further calculation showed that the dilation of 

tube and the compression of the mercury caused 
by the pressure exerted by the column of mercury 
changed the mass required to fill the tube by not 
more than 3 parts per million for any of the capil- 
This correction was also neglected. 

As the capillaries were to be used at 20°C, the 
mensions at this temperature were required. 

If M, is the mass of mercury that just fills the 
ipillary at 6° C, Dy is the density of mercury at 
} U. 2 the temperature coefficient of linear 
pansion of glass, 8 is the temperature coefficient 


for 
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of density of mercury, A@=(@—20), and roy and Ly 
are the capillary radius and length at 20° C, we can 
write 
M, Tis, (1 adé)*/ l ad D), l BAG 1S 
Also 
M y= 8759129 D 19 


in Which oo is the mass of mercury that would be 
required to fill the capillary at 20° C. Combining 
eq 18 and 19, we can say, with more than sufficient 
accuracy for the purpose 


Mi 
M ; 9() 
, ] ja—P) Aé 
Through use of eq 19 and 20, values of ry are com- 


puted corresponding to the measured 
dand M, 

The capillaries were cleaned prio! to each measure- 
ment of the radius The cleaning procedures in- 
volved the discreet use of either nitric or chromic 
acids, followed by distilled water and drying air 
When chromic acid was used, after the removal of 
the bulk of acid and preliminary rinsing, the bores 
were soaked with distilled water for at least 1 hour 
before the final rinsing with water. The cleaning 
agents and distilled water, as well as the drying air, 
were always passed through a sintered-glass filter 
before being introduced into the capillary Radius 
measurements made at various times provide good 
evidence that the sizes of the bores were not changed 
by any of these cleaning procedures by any measur- 
able amounts (see table 11) 

The measurements of the lengths of the four 
capillaries were made by the Gage Section of the 
Bureau by comparison with Hoke end gages 

The results are as follows 


quantities 


Capillary 


2.5 18. 736 
2.5a 24. 316 
1.4 15. 208 
l.4a 22. 525 


It is believed that all the figures given are significant. 

The weighings of the quantities of mercury were 
made by the Mass Section of the Bureau. The 
details of the weighings concerned with capillary 2.5 
are not known. For the other capillaries each quan- 
tity of mercury was weighed twice. In connection 
with the weighings made on the fillings of capillaries 
2.5a and 1.4a, a detailed study of the behavior of the 
glass weighing bottles used in the measurements was 
made in the Mass Section under the direction of 
L. B. Macurdy. The results of this study are given 
in appendix C. 

It was concluded that the masses of the samples 





from the fillings of capillaries 2.5a, 1.4, and 1.4a were 
known with an accuracy of +0.01 mg or better. 
The samples from the fillings of capillary 2.5 were 
probably weighed with comparable accuracy 

In the calculation of My through the use of eq 20 
the values used for a were those recommended by 
the manufacturers. These values are 3.6 10-*/° C 
for the Jena Duran Glass 3891-—II1, of which capilla- 
ries 2.5 and 2.5a are made, and 3.2 10-*/° C for 
Pyrex capillaries 1.4 and 14a. The density of 
mercury at 20° C was taken as 13.54589 g/em® and 
8 as 180.9 10-*. These values were obtained from 
the work of Beattie [12] (see appendix A). 

Five separate fillings of each capillary were made, 
the results of which are shown in table 10. The 
temperatures given are those at which the bores 
were judged to be exactly filled. The values of M, 
given for capillaries 2.5a, 1.4, and 1.4a are the means 
of the two weighings made on each quantity of 
mercury. The values of Mo are calculated by using 








eq 20. 
Tasie 10. Computations of mean radii by the gravimetric 
method 
Cap 
il Date ” Me Ma rs. "6 
lary 
c go q cm n 
41 19. 91 1.313 12 1.313 10 
1441 2). is 1.313 19 1.313 2 
2.5 5/15/41 19. 22 1. 313 36 1.313 19 
16/41 19.82 1.31315 | 1.31311 
17/41 2. 1.31264 1. 313 05 
Mean 1.31314 6.3315K10-* 2.516210" 
Wigs 27.19 0. 654 305 0. 655 106 
Liss H4 488 655 114 
2. Sa 110%) 4 187 * 655 055 
1/20/50 654 641 655 113 
1/23/50 64 326 655 119 
, Mean 6, 33090 2. 5161 
11/22/48 | 23.28 
11/23/48 ne 
14 11/24/48 24.68 
11/30/48 | 23. 26 
1190/48 24.82 
Mean 0.775420 4.0905 2. 0076 
1/24/%) | 27. 52 0.386255 0.386 753 
1/25/50 31.39 teh OLS $86 770 
1. 4a 12%) | 20.87 386) 000 386 753 
1/27/50 | 28.14 386217) 386 756 
| 1/27/30 30.68 $86 O52 186 750 
Mean 0.386758 4.0048 2. OORT 


* Determinations discarded 


With capillary 2.5a the result of the third filling 
shows a deviation from the mean of the order of 
10 times as great as the other four. This is also the 
case with the third filling with capillary 1.4. As no 
discrepancies are found in the weighings, it seems 
evident that in these cases there was an undetected 
loss of mercury in the transfer from the capillary into 
the weighing bottle, and the results of these two 
fillings were discarded. The values of r3, given in 
the table were calculated from the mean values of M 9 
for each capillary and represent the squares of the 
radii of right circular cylinders of the same volumes 
and lengths as the capillaries measured. 


| 4.3. Mean Radii of the Capillaries by the Electrix 
Resistance Method 


The second method used for the precise determ 
nation of the mean radii of the boresof the capillarie 
is based upon the electric resistances of the bores whe, 
filled with mercury. 

The electric resistance, 2, of a cylindrical con- 
ductor of length /, radius r, and resistivity p is given 
by 


R pl (2) 


xr re 


As the resistivity of mercury is accurately known, 
eq 21 affords a means of calculating the mean cross- 
sectional area of the bore of a capillary. 

| To adapt this method to the measurement of the 
mean radii of the capillaries, glass terminal bulbs 
| were constructed with ground joints to fit the ter- 
minal pieces of the capillaries. A capillary with the 
terminal bulbs cemented in place is shown mounted 
in its supporting frame in figure 5. The bulbs are 
cylindrical with hemispherical ends and are 5 cm long 
with an internal diameter of 2.2 cm. Two tubes of 
0.5-em inside diameter are brought up from each 
terminal bulb, as shown in the figure. The distance 
from the face of the terminal piece of the capillary to 
the level of the side tube in the upper bulb is 2.4 em. 
The corresponding distance in the lower bulb is 
1.5 em. 

For making a measurement, the apparatus was 
evacuated and completely filled with double-distilled 
mercury up to a level within about 1 cm of the tops 
of the four tubes leading up from the terminal bulbs. 
Special electric connectors were placed on the tops 
of the four tubes, as shown in the figure. Each 
connector was made from a short piece of glass 
tubing sealed at the middle to separate the two end 
portions of the tube. A platinum wire was passed 
through the seal to make electric connection between 
the end portions of the tube. The connectors fitted 
loosely on the tubes leading from the terminal bulbs 
with the platinum wires making contact with the 
mercury in the tubes. The connectors were filled 
above the glass seals with mercury, into which the 
copper lead wires to the resistance bridge were 
dipped. The ends of the copper lead wires were 
amalgamated electrolytically, and the platinum wires 
were immersed in mercury for several months before 
use. With these connectors good electric contact is 
made without contaminating the mercury in the 
capillary with copper from the lead wires. 

The resistance measurements were made with a 
Mueller resistance bridge. With the two leads 
connected to each terminal bulb, the procedure was 
similar to that used with a four-lead resistance 
thermometer. The mean of the two readings taken 
was the resistance of the mercury between the 
branch points in the two terminal bulbs. This re- 
sistance, corrected for the resistance in the terminal 
bulbs, yielded the resistance of the column of mer- 
cury in the capillary bore. 

It has been shown (see, for example, Maxwell [13)) 
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at the amount to be added to the measured re- 


sistance to account for the flow of electricity at the 


d of a tube may be expressed as an additional 
ngth equal to a constant times the radius of the 





ore at the end. A calculation by Rayleigh [14 
elds a value of 0.82 for this constant As the 
tical measurements of the diameters of the four 


pillaries showed that the mean radii at the ends 
a capillary never differed from the mean for the 
ile tube by more than 0.3 percent, we can say 


hat the sum of the corrections for the two ends is 


0.82r, where r is the mean radius for the whole 
be. Including the corrections for the ends, eq 21 

en becomes 
pil +] .647 , 
R 22 

Tr 

subscripts refer to the temperature in ° C, we can 
roduce the coefficient of expansion of the glass into 


15 


eq 22, which then becomes 


pp, — P4(l20+ 1.64720) (1+ a) - 


WT xg | adé 


64r, 
ad@ ] 
For the solution of this equation, an approximate 
value of ry is substituted in the second term on the 
right. 

In all of this work the resistances are measured in 
absolute ohms. The following equation was used to 
calculate the resistivity of mercury in absolute ohm- 
centimeters at the temperature of the measurement: 


from which 


24) 


pe= 94.1232 


107-°(1 SS9O.15 107°. €+-0,99360 10-°.@ 


25) 
in Which @ is in °C, and 94.1232 10~° is the resistivity 
of mercury at 0° C See appendix A ; 

The diameter of each capillary was measured at 
several different times by this method. For these 
measurements the capillary with the attached ter- 
minal bulbs was immersed either in a liquid bath, 
whose temperature was controlled within close 
limits, or in an ice-and-water bath The results 
obtained with the four capillaries are given in table 
ll. 


TABLE 11 Computations of mean radii by the electric resist- 
i 
in method 
— Da P 
lat 
r Oh 
4 1). OOK 2 om 
25/41 $1. 336 2 wy ‘ 
27/41 1. 971 2 ” l 
2 5/20/41 +8, 250 ( 
| 7/1/47 20. OK “1 
| 4/20/48 0.04 1 
4/28/48 23.91 2. 3584 
-- 
Mea t 
{ 2/18/49 m2 1, 15287 2 
‘ 3/49 ” l 22 ‘ ‘ 
| 11/19/49 oor 1. 1528 ( 
Mea 4 
{ i 18/48 we H341 4 oon 
14 | 1 l is (wee mie $i 
} 1/10/49 x O33 ‘ “¥ 
| 2/1649 oo ¢ { wy 
Me 4. 030 , 
14 S18 40 ie) Ls] 4/ 4 
. ( tt) 004 l x 4 034 
Me i i ws 


The measurements on capillary 2.5 made over 


quite a range of temperatures are in good agreement, 
which tends to confirm the values of the constants 
in eq 25 in this temperature range. However, as it 
is believed that the resistivity of mercury is known 
best at 0° C, of the later measurements only those 
made close to 0° C were included in the calculations 
of the radii. The coefficient of expansion of the 














glass need not be known accurately for use in eq 
24, because an uncertainty in its value of as much 
as 1 part in 32 will result in an uncertainty of only 
2 parts in a million in the value of ri, as calculated 
from a measurement made at 0° C 

The radius measurements on a particular capillary 
were always made at times embracing the period 
during which the capillary was being used in the 
flow measurements. With each capillary, the agree- 
ment among the different determimations is good, 
and there is no evidence of any trend with time or 
use, even with capillary 2.5, on which measurements 
were made during 1941 and later in 1947 and 1948. 


4.4. Caliber Corrections 


The derivation of eq 2, expressing the resistance 
to the viscous flow of a liquid through a tube, is 
based upon the bore having the shape of a right 
circular cylinder. The optical measurements of the 
diameters of the capillaries used here have shown 
that they all depart somewhat from this ideal con- 
dition. Consequently, a correction must be applied 
to a measured radius to account for the difference 
between the viscous resistance in the actual capillary 
used and in an equally long one of uniform circular 
cross section. The determination of the mean radius 
by the gravimetric method has vielded the radius of 
a right circular cylinder of length and volume equal 
to those of the bore of the capillary. This radius 
may then be corrected appropriately for substitution 
ineq2. However, the resistance to flow of electricity 
is also affected by the variable cross section of a 
tube. Therefore, the radii of the capillaries as 
measured by the electric resistance method must 
first be corrected to yield the radii of equally long 
capillaries of uniform cross-sectional areas and then 
be corrected again for substitution in the equation 
for the resistance to viscous flow. 

In estimating the magnitudes of these corrections, 
the data given in tables 8 and 9 are used for describ- 
ing the actual shapes of the capillaries. Various 
investigations of the effects of conicality and ellip- 
ticity of bore upon viscosity measurements have been 
made, but the above data on these tubes show that 
they cannot be considered conical. Their cross 
sections are irregular and resemble an ellipse in only 
a few places. The tubes are therefore treated as 
circular in section but with the area of section vary- 
ing along the tubes. The mean of the diameters 
measured in the four radial directions at a particular 
point is taken as the diameter of the assumed circular 
section at that point. The mean diameters at the 
points measured along capillaries 2.5 and 1.4 are 
given in tables 12 and 13. The areas of section S 
calculated for each measured point are also given in 
these tables. Since only arbitrary units are used, S 
is taken equal to d* and, for the present purpose, can be 
assumed to be known exactly. Part of the data 
given in these two tables also apply to capillaries 
2.5a and 1.4a, as they were cut from the longer 
capillaries 2.5 and 1.4. 

Figure 6 shows values of S plotted against position 
along the tube for each of the four capillaries. 
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These areas are represented by the plotted points, 
and the mean cross section for each capillary is 
shown by a horizontal dashed line. 
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Variations in cross-sectional area along capilla 


2.4, arbitrary units 


Position along Area of cross 


Mean diameter 


tube section 
cm 
1 126 2s1 
5 126 169 
lo 126 506 
15 127 069 
20 126 731 
25 126 563 
“ih 126 
a) 126 304 
“0 27 182 
45 127 013 
49 12 22 





Variations in cross-sectional area along capilla 
1.4, arbitrary units 


*osition ¢ y » ‘TOSS 
Position along Mean diameter Area of cros 


tube section 
em 
1 891.5 744 77 
5 892.3 7% 20 
w 891.8 795 31 
15 802. 5 706 56 
x» 891.5 74 77 
25 a4. 0 799 24 
”) 801.5 74 77 
35 892.8 797 09 
0 891.8 795 31 
44 S89. 0 7% 32 
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Cross-sectional area of bore at regular positions 
along the capillaries. 








For one method of calculating the effects of such 
irriations on the electric and resistance 
. fered by a capillary, the bore is assumed to be made 
p of a series of right circular cylinders, each having 
( ross-sectional area equal to the value of the corre- 
wonding plotted points and a length equal to the 
stance between the points. The area of section is 
en assumed to vary along the tube, as indicated by 
he stepped curve. Suppose the capillary of length / 
divided into n such intervals of equal length / 
tS be the cross-sectional area in any interval and 
‘,. be the mean cross-sectional area for the whole 
ibe, as calculated by the relation S,,=(1 ZS. 
(hen the resistance to the flow of electricity through 
ne variable cross section 1s proportional to S(/ S . 
nd the electric resistance offered by a tube of the 
ame length but having a uniform 
rea S, is proportional to //S From these rela- 
ons the percentage increase In the resistance to the 
ow of electricity of the nonuniform tube over the 
niform one is given by 
>(l,/S 
L/S, 


viscous 






vi 


cross-sectional 





L/S, 
100- 


26 
For the laminar flow of liquids through the tubes, 
the viscous resistance is proportional to =(/,/S*) for 
he nonuniform case and to: //S? for a uniform tube. 
In this case the percentage increase in the viscous 
resistance is given by 
> 


— 


S? L/S 
L/S? 


m 


LOO- 





As an example, this method is applied to the data 
on capillary 2.5 in the following way. The value of 
S calculated from the readings taken at the 5-cm 
position is assumed to be the mean for the 5-cm in- 
terval from 2.5 to 7.5 em. As shown by the stepped 
eurve in figure 6. this is repeated for each position, 

iving nine 5-cem intervals covering the length from 
2.5 to 47.5 em. The two 2.5-cm lengths at each end 
of the tube are combined to give a tenth 5-cm interval 
with a value of S equal to the mean of the areas at 

cm and 49 em. These data are then substituted 
n eq. 26 and 27 to give the desired corrections. 
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\ Electric 
Mean 


frravimetric 


(Electric 
Mean 


{Gravimetric 
(Electric 
Mean.. 


/Gravimetric...... 
| Electric 


Mean 


fa 22. 525 








Similar procedures were followed with the other 
three capillaries, and the results obtained with all 
four are given in table 14. The signs are applied as 
follows: The signs are such as to correct the square 
of the radius as measured by the electric resistance 
method to yield the square of the radius of a uniform 
tube. The signs of the correction for viscous resist- 
ance are such as to correct the radius, calculated on 
the basis of a uniform bore, appropriately for sub- 
stitution in the equations for viscous flow It 
should be noted that the corrections given in the 
table are applied to the radius squared in the electric 
resistance Measurements, whereas those for correct- 
ing the viscous resistance are applied to the fourth 
power of the radius 


/ 


ons fo electru and l 


14 Correct 


measu 
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ements as a result of nonu 


It is seen in figure 6 that capillaries 2.5, 2.5a, and 
1.4 show roughly harmonic variations in S. Assum- 
ing this type of variation, integration under these 
curves \ ields essent ially the same corrections as those 
given in table 14. 

As a third method of describing the variations in 
area of section, straight lines are drawn between the 
plotted points, and the integration is performed under 
these irregular curves. As would be expected, this 
method usually leads to somewhat smaller correc- 
tions than those obtained by the other two treatments. 

The only case where these corrections are of any 
significance is the correction for viscous resistance in 
capillary 2.5. This correction was applied by using 
the value given in the table. 

A summary of the measurements of the dimensions 
of the four capillaries is given in table 15. The values 


inal dimensions of the capillaries 


On the ba 1 unifor t E flective ous flow 

Radius Radius ¢ Radius ¢ Radiu 
m ‘ n‘ cm 

t r 1-4 

‘ 

6. 3315 4. OORS & If 4, OORT 2 62 ( 
6. 3308 

6. 2308 

6. 3306 4. OO7F 4. OO7E 2 61 

4. 0305 

4. 0305 

4. 0304 1. 6244 244 OO7E 

4 0048 

4. 0347 











of the radius squared, as obtained by the two in- 
dependent methods, were weighted equally, and the 
mean value was used for each capillary. It is seen 
that in each case the agreement between the two 
methods is very good. The maximum discrepancy 
occurred with capillary 2.5a and is only about | part 
in 10,000. 
5. Viscosity Determinations 

The viscometer was assembled and filled for the 
first series of tests at 20° C in the fall of 1940. The 
measurements made with this filling were designated 
as series I. In this series several independent obser- 
vations of the pressure drop through the capillary 
were made at each of four rates of flow. Each 
measurement of the pressure drop corresponding to 
a particular rate of flow was assigned a run number 
in the order in which it was obtained within the 
series. In general, check runs at a given rate of 
flow were separated by measurements made at other 
rates of flow in order that the observations in a given 
run be as independent as possible of the influence of 

preceding run. A similar procedure was followed 
each time the viscometer was filled, and a new roman 
series number was assigned to identify the particular 
filling. Between fillings the viscometer and manom- 
eter were disassembled and thoroughly cleaned. 

The series I tests were used primarily for develop- 
ing operating techniques and acquiring experience 
with the apparatus. The results of this series are 
therefore not considered as reliable as those of the 
succeeding 11 flow series and are not included in the 
final calculations. As a consequence of these pre- 
liminary flow tests, the experimental procedure that 
finally evolved is as follows: 

After assembling the viscometer and manometer 
some mercury is injected into the entrance chamber 
of the viscometer and both arms of the manometer. 
Freshly distilled water from a laboratory still is 
introduced into the system through the open tube 
at the top of the overflow reservoir until the desired 
level is reached. Trapped air is removed by working 
the main injector back and forth through its stroke. 
The air trapped in the top of the short arm is forced 
out through the bleed tube (shown in fig. 1) by a 
forward stroke of the injector. After all of the air 
is removed and the tube is filled with water, the 
gas-tight valve at the top end of the tube is shut off. 

All of the baths are adjusted to their proper tem- 
peratures, and mercury is introduced into the short 
arm of the manometer until the proper height is 
indicated by the fixed electric contactor. The 
longest of the gage rods, number 50, is then fixed in 
the depth-gage head, inserted in the long arm of the 
manometer, and the gage head is clamped in posi- 
tion. The gage head is set at its expected reading 
for the “manometer zero”, and mercury is injected 
into the long arm until proper contact is made with 
the tip of the rod. The two arms of the manometer 
are now opened to each other. Any change in the 
height of mercury in the long arm with time is 
observed, and mercury is added or withdrawn in 
sufficient quantity so that when the final equilibrium 
position is established, the mercury in the short arm 
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makes proper contact with the fixed contactor, and 
the level in the long arm is at the same height. In 
judging when this equilibrium position is reached, 
due consideration is given to the time constant for 


the particular capillary being used. These adjust- 
ments and readings of course are made when there 
is no flow of mercury from the main injector into the 
entrance chamber of the viscometer. he head read- 
ing of the micrometer for this final equilibrium 
condition is referred to as the “manometer zero” 
and is designated by M). 

Manometer heights under flow conditions are 
measured in a similar manner. The change gears in 
the main injector drive are selected to give the de- 
sired rate of flow, and the mercury in the long arm of 
the manometer is preset at an expected height, using 
the gage rod of proper length. The injection of 
mercury into the entrance chamber of the viscometer 
is started, and the two arms of the manometer are 
then opened to each other. As in determining the 
manometer zero, mercury is added or withdrawn 
until the quantity of mercury in the manometer is 
such that the mercury level is at the contactor in 
the short arm when the equilibrium pressure cor- 
responding to the particular rate of flow through 
the capillary is reached. It is often the case that 
this condition is not realized during a single stroke 
of the injector. In these cases the long arm of the 
manometer is shut off before stopping the main 
injector. With the manometer still closed the stroke 
of the injector is then reversed. After the forward 
stroke of the injector is started a second time, the 
manometer is again opened. In this manner the 
stroke of the injector is repeated as many times as 
are necessary to establish equilibrium. The reading 
of the micrometer head for this equilibrium condition 
is designated by Mg. This process comprises a run, 
and a run number is assigned. Usually two or three 
such runs, together with a repeat observation of the 
manometer zero, can be completed in a working 
day. In this manner all of the flow data on a single 
filling of the viscometer may be obtained in about 
2 weeks. 

There is no known reason for measurable varia- 
tions in readings of the manometer zero made with 
the same filling of the viscometer, and any observed 
— es in its value are attributed to experimental 

rror. Consequently, at the completion of a series 
of flow tests all of the observations of M, are averaged 
and the mean value is used in calculating the pres- 
sure drop for each run. However, the value of My 
will differ between different fillings of the viscometer 
as a result of the dismantling and reassembly of the 
short arm for cleaning purposes. 

When measurements are being made a second 
operator keeps a continuous check on the temper- 
ature of the viscometer bath and records the ther- 
mometer readings every 5 minutes. Occasional 
readings of the temperatures of the other baths are 
taken, to be assured that they are operating properly. 
From these records the mean temperature in the 
viscometer bath is judged for each period during 
which a run is being made. 














In general, this procedure was followed, beginning 

ith series I], except for the following changes: 

(a). In Il, readings of the manometer 
lepth gage were recorded to 0.0001 in. In view of 
he general sensitivity encountered with the depth 
rage, together with other considerations, the read- 
ngs in series III and the subsequent series were 
recorded only to the nearest 0.0005 in. 

b). As mentioned previously, beginning with 
eries IV, a centering disk was used with the depth- 
rage rods for restricting the possible region of con- 
tact of the tips to a central area of the mercury 


series 


neniscus. 

c). During all of the experiments intermittent 
electric contact was observed between the gage rods 
and surfaces in the manometer. This was caused 
by vibration of the stirring motor and pumps asso- 
ciated with the thermostating of the viscometer bath. 
During the first six series the manometer readings 
were taken matching the fluctuations in the readings 
of the microammeter in the long-arm circuit with 
those in the short arm. It was felt that in this 
manner the effects of these motions in the mercury 
surfaces would be minimized. However, beginning 
with series VII, after equilibrium had been reached, 
as shown by observations made in the above manner, 
both arms of the manometer were shut off, and the 
stirring motor and other sources of vibration were 
stopped. Readings were then taken with the mer- 
cury surfaces quiet. The two methods of taking 


the readings usually yielded essentially the same 
calculated height of the mercury column. Never- 
theless, in a few instances differences as great as 
0.006 in. were found. In the cases where any dif- 


ferences were shown, the readings taken with the 
quiet surfaces were used 

The results obtained in flow series II, III, and IV 
with capillary 2.5 are in table 16. In the 
first column the arabic number accompanying the 
series number indicates the end of the capillary 
that was mounted as the lower, or entrance, end in 
the viscometer. The rates of flow Q were calculated 
from the calibrated delivery rate of the main injector, 
together with the gear ratios of the particular com- 
binations of change gears used 
ratios were used in series III and IV as were used in 


riven 


The identical gear 


' 


II, the differences in the values of Q being a conse- 
quence of the different delivery rates of the injector. 
The injector was thermostated at 35° C for series II, 
and the mean delivery rate shown in table 1 was used. 
For series III and IV a longer stroke of the injector 
piston was used with the injector thermostated at 
30° C, and the rates of flow were calculated from the 
mean rate of delivery given in table 3. In the third 
column of the table, values of the Reynolds number 
corresponding to each rate of flow are given to 
indicate the range covered in the experiments. 
The values given for P, the pressure drop through 
the capillary, are in each case the mean of several 
runs at the particular rate of flow. The detailed 
calculations of the values of P are given in appen- 
dix D 

Using the data in table 16, the values given for the 


viscosity were calculated by means of eq 4. This 
equation is equivalent to 
pP 
a bd, 28) 
a) 
- - c 
in which 
4 
a Al Tr nHrjn 
Ti 
and 
mD 
b —* 
rr 


Introducing the measured dimensions of capillary 2.5 
and the known density of water at 20° C, and taking 
the value of n as 0.57, the values of 7 were obtained 


from the relation 


9=3.2292 X 10°" Xa. 


Similarly, the values of m for the capillary were 


calculated by the equation 
m=3.9635 < 107° b. 

The values of a and b were obtained from least- 

squares solutions of the straight lines represented by 

eq 28. In these solutions, Q was assumed to be 

without error, and the corresponding values of P ( 


were weighted equally. These assumptions seem 


TABLE 16. Results of flow tests at 20° C with capillar y 2.5 
Series Dt " t 
number Reynolds . Pie Piet from line 
entrance . num ber ; observed S 7 7 calculated bserved 
nd ulated 
cm/sec Dynesicm Poise 

| 0. 072232 182 0. 225581 & 10" }. 12301 & 10 1231 iy 1 

2). yard 107 138 170 

1-2 128412 sa pont th. $+ :. 1021310 0. 291310 0.007 = 1.15.3 —~ 

- 1G2H18 4h) HONBSS t. 158%. = = } 15a24 i" 
20824 H4s S158 1. 17683 | 174 Tl 

| 072277 182 225762 }. 12357 12358 10 

128492 324 M8487 3. 14017 ‘ 14001 ron 

111-2 192739 196 60R767 ; LSRSO) . 1024 my? O1O018 1.1 15879 MH) 
256085 (4a 816622 4. 17770 17757 190 

| OF 2277 182 22577 s. 12375 }. 12433 st) 

128492 s24 403718 4. 14197 . , . 14074 +120 

IV-1 192739 486 HORS0S }. 15872 3. 1023 2u19 010021 1. 16 15049 770 
256085 O45 S 16800 +. 17840 17824 im 

Mean values . 10280 0. 2018 0.010019 1.16 
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justified from the spread of the pressure data shown 
in tables 26 through 36 in appendix D, which indicate 
that- the probable accuracy of P/Q is essentially 
independent of pressure. Furthermore, the results 
of the repeat calibrations of the injector suggest 
that @ was always known better than the corre- 
sponding equilibrium pressure, and hence Q was taken 
as without error 

The calculated values of P/Q given in table 16 
were obtained by using eq 28 and substituting the 
values of a and 6 as given for each series. The 
deviations of the observed points from the calculated 
straight lines are also given and serve to indicate the 
constancy of m and n over the rates of flow covered. 

With series IT and III the observed values of P ( 
are all within 0.01 percent of the calculated line. 
Differences of these magnitudes are attributable to 
experimental error, and m and 7 are demonstrated to 
be constant within the accuracy of the measure- 
ments. The relatively larger deviations shown for 
series LV are not explained, there being no known 
reason for questioning any of these data 

The spread in the values of a and 6 between the 
three series was taken to be experimental error, and 
therefore the values of 7 and m calculated from the 
mean values of a and 6 are believed best to represent 
the results of the flow measurements with this 
capillary alone 












Similar treatments of the flow data for the other 
three capillaries are given in tables 17, 18, and 19, 
With these capillaries also there is no evidence that 
m and n are not constant, the data being well repre- 
sented by straight lines in agreement with eq 28. 
With these capillaries also the flow data are believed 
to be represented best by using the mean values of a 
and 6 as given in the tables. 

The calculation of the viscosity by using the flow 
data with each capillary as an independent determi- 
nation, as is done in tables 16 through 19, may be 
in error as a result of the uncertainty in the choice of a 
value for the constant n. However, as was outlined 
previously, the effect of an uncertainty in the value 
of n may be rendered negligible by simultaneous 
treatment of the flow measurements with each pair 
of capillaries. Taking capillaries 2.5 and 2.5a as one 
pair and 1.4 and 1.4a as another, the capillaries in 
each pair have very nearly the same radii but differ- 
ent lengths. The dimensions and flow data for 
each pair can then be substituted in eq 9 and the 
viscosity calculated without assuming a value for n. 
However, in making the actual calculations eq 9 was 
transformed somewhat. 

If the least-squares line, based on the mean values 
of a and 6, best represents the flow data for a par- 
ticular capillary, that is equivalent to saying that 
the calculated value of P/Q at a particular value of 


TABLE 17 Results of flow tests at 20° C with capillary 2.5a 
Serie Deviation 
number Reynolds » : P : ws . 1 , from line 
Sonnet Q nuanbes I P/Q, obs D P/Q, calculated observed 
nd calculated 
Dynes'cm Poise 
243 0. 151800 10 # 1 761! we | l 7A33 & 10 } 2 
a4 ASOT 1. See 2 _ . - 1. SRARS loo 
Vu ren MUSES 1. 60500 1. 54783. 10 0. 2957 10 0. 010012 La 1. (O483 170 r 
4s 417203 1. 62008 | 1. 62382 140 
245 151927 1. 5740 | 1. 57654 140 
a4 ABS25 1. Swale 2 . " 1. 585907 Iw 
IX ist) ULI Seat 1. MSZ 1. 54822 2938 01001 1.16 1. 6048. 30 | 
4s 417303 1. 62372 1. 5237 10 
| (976 245 LS1915 1. 57627 | 1. 57611 +160 
12sr2 a4 2741 1. SASSI ¢ eae = 1. 58566 1M 
X-1 1 int WIIOS 1. 60467 4749 2970 10010 1. 18 1. 60474 70 
O48 417349 1. 62390 1. 62382 =) 
Mean values 1. 4785 2955 010012 1.17 
TABLE 18. Results of flow tests at 20° C with capillary 1.4 
| 
Series Deviation | 
number Reynolds > , : , > . ‘ from line, | 
entrance @ number I P/Q, obse = . 7 ” P/Q, caleulated observed 
end calculated | 
cm! ‘sec Dynes'em? Poise | 
b 033674 106 0. 230859 10" 7. 1229710" 7. 12240 10" +570 
O7 2282 228 . S162 7. 14786 | » . . 7. 14908 —12200 | 
Vy 096376 BOS * 690867 7 18636 7. 00913 X10" 0. 6011K 10° 0.010015 111 4 > 16574 4-620 
. 128502 406 . 923673 7. 18800 | 7. 18704 +60 
} 
| 033674 106 . 230831 7. 12214 7. 12234 —m0 | 
. O722K2 228 . 516787 7. 149590 2 - o 7. 14040 +190 
vet | - cens7 15 ~ 690695 7. 16665 ;. con ae oe | oo 7. 16629 +360 | 
. L2aso2 406 - 923732 7. 18846 } 7. 18881 — 340 
{ . 3674 106 . TIGR 7. 12318 7. 12330 —120 
OF ZI2 228 . SL6874 7. 15080 » 2 one . . 7. 15041 +390 | 
Vill 006376 305 - 690736 7. 16708 7. 09065 - (023 - 010015 1.13) 716733 —250 | 
| . 128502 406 . 923917 7. 18990 | 7. 18990 0 
Mean values 7. 09017 . 6981 . 010015 1,12 
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better than observed value. Hence, the 
vest values of the pressure drops through the capil- 
aries for substitution in eq 9 will be those obtained 
rom the calculated values of P Y. Toillustrate this 
reatment, any particular value of Q@ may be chosen 
hat is within the rates of flow common to the data 
m both capillaries in the pair. The values of a and 
) appropriate to the longer capillary are substituted 
n eq 28, and the value of P/Q is calculated for the 
articular rate of flow chosen. Multiplying this 
value of P/Q by Q gives the value of /,, the pressure 
lrop through the capillary. In a similar manner 
the value of P, is calculated for the shorter capillary 
at the same rate of flow. These values of the pres- 
sure drops corresponding to the rate of flow Q in each 
capillary are then substituted in eq 9, together with 
the capillary dimensions and the mean values of m 
as determined for the two capillaries. The identical 
results are obtained more simply, however, by a 
calculation using the intercepts for the two capil- 
aries 

[In a manner similar to that in which eq 8 and 9 
were derived, it may be shown that 


Tr ayrt ars 
7 s (1, l,)+ ny lols) 


in which a, is the intercept in eq 28 for the longer 
capillary, and a, is the intercept for the shorter. 
As before, if r,; and r, do not differ greatly, the quan- 
titv (nyr)—Ner2) may be neglected 

The values of the measured quantities in eq 29 are 
given in table 20 for each of the four capillaries. The 
intercepts used are the mean values for each capil- 
lary, as given in tables 16 through 19. The values 
of the viscosity as calculated.from the data for the 
pairs 2.5 and 2.5a, and 1.4 and 1.4a are given in 
table 21. These two calculations result in values 
that cover about the same range as the spread of 
values obtained in the previous calculations, using 
each capillary individually. For these two pairs it 
is evident that the quantity Nfs) may be 
neglected. 

In addition, calculations were made pairing capil- 
lary 2.5 with 1.4a and 1.4 with 2.5a. These results 
are also given in table 21. The value of 0.57 was 
ised for both n, and nm. The magnitude of the 
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l /,) in each case, and therefore the calculations 
are not seriously affected by uncertainties in 7, and 
no. * The agreement between the values of the vis- 
cosity as calculated through the use of these four 
pairs indicates an over-all consistency in the data 


6. Discussion of Results 


6.1. General 


In work of this nature, where the result is de- 
pendent upon so many individual factors, it 1s 
difficult to evaluate the final result in terms of the 


estimated accuracy of each factor. It is believed that 
the error in each contributing measurement was 
reduced to 1 part in 10,000, or better, except perhaps 
in the measurement of the equilibrium pressures less 
than 10 in. of mercury. As the calculation of the 
viscosity involves the extrapolation of the observed 
data, however, the final result would not necessarily 
be this accurate 

The calculation of the viscosity by means of eq 29 
probably represents the most reliable treatment of 
the data, because uncertainties in the magnitude of 
the constant are minimized. The values given in 
table 21 for the results with the capillary pairs 





2.54 2.5a and 1.4+-1.4a are completely independent 
of the magnitude of n. The calculations for the pairs 
2.5+-1.4a and 1.4+-2.5a, however, are given equal 
weight, because the introduction of any reasonable 
value for n will not affect the mean of these two by 
as much as 1 part in 10,000. The mean of the four 
values given in table 21 is 


0.010019 + 0.000002, 


where the deviation given is the standard deviation 
of the mean. 

The values of the viscosity calculated by eq 28, 
obtained by treating the data for each capillary 
individually, and given in tables 16 through 19, show 
a spread from 0.010012 to 0.010019 poise, with a 
mean value of 0.010015. This would indicate that 
0.57 is too high for the value of n. By taking these 
same data and assuming n=0 for all four capillaries, 
the following values result: 


Capillary ” 
2.5 0. 010022 
2.5a . 010018 
1.4 O1L0017 
1.4a 010020 


The mean of these values is 0.010019, which is the 
same as was obtained in the calculations with the 
capillaries in pairs. Although the assumption that 
n=0 results in better over-all agreement in the cal- 
culated values of the viscosity, the measurements are 
so insensitive for the evaluation of n, that no accurate 
conclusions may be reached as to its magnitude. It 
is pertinent, however, to note that the results of the 
calculations with eq 29 given in table 21 are not 
significantly changed by taking n=0. For n=0 the 
value of the viscosity calculated by using capillaries 
2.5 and 1.4a is increased to 0.010023 poise, and the 
value derived from the pair 1.4+-2.5a is reduced to 
0.010017. Thus the mean value remains the same, 
but the standard deviation of the mean is increased 
to +0.000003. In consideration of this uncertainty 
in the value of n, the best result obtained from the 
data is 
no=0.010019 +0.000003. 


No attempt is made to assign an accurate value to 
the constant m on the basis of this work, as the 
values of the slope 6 given in tables 16 to 19 may be 
appreciably in error as a result of heating effects in 
the capillaries. The incomplete dissipation of the 
heat generated by work done against viscous forces 
results in a temperature rise in the flowing liquid. 
The possible effects of such temperature rises in the 
enpllieaies were investigated through the use of equa- 
tions developed by Hersey [15] and Hersey and 
Zimmer [16]. Their equations were expected to 


yield either too high or too low an effective tempera- 
ture rise, depending upon what extreme conditions of 





temperature distribution in the capillary were as- 


sumed. Calculations based on these equations show 
that for any of the conditions covered by these equa- 
tions, the values of the intercepts a, as given in tables 
16 to 19, are unchanged. Hence, for the purpose of 
calculating the viscosity, it is not necessary to 
attempt to evaluate the effects of heating in the 
capillaries. 

On the other hand, the heating effects may have a 
marked influence upon the calculated values of m. 
In fact, if certain assumptions are made with regard 
to the distribution of temperatures in the capillaries, 
it is possible to account for the differences in the cal- 
culated values of m for the four capillaries. As the 
real distribution of temperatures in the capillaries 
under the particular flow conditions is not known, 
no reliance is placed upon such calculations. 

In attempting to compare the value obtained here 
for the absolute viscosity of water at 20° C with the 
results of other observers, it is found that all of the 
earlier determinations are subject to criticism, and 
therefore no good agreement is to be expected. The 
three most recent careful determinations were made 
by Thorpe and Rodger [17], Hosking [18], and Bing- 
ham and White [19]. Their results at 20° C are 
given in table 22. With regard to these results, it 
should be pointed out that none of these investigators 
attempted to make their measurements with the ac- 
curacy of the present work. Furthermore, with the 
capillaries that they were able to obtain, the devia- 
tions of the bores from right circular cylinders were 
large and in most cases not accurately known. 


TABLE 22. Viscosity of water at 20° C by other investigators 
Investigator 49 m n 
Poise } 
Thorpe and Rodger (184 0. 010015 1 0 
Hosking (1909 01006 1, 158 1.4 
Bingham and White (1912 01005 1.12 0 } 


In all three of the determinations referred to in 
table 22 the viscosity was calculated from the ob- 
served pressures and rates of flow by means of eq 2. 
It is seen that Thorpe and Rodger’s value is in best 
agreement with the value of 0.010019 obtained here. 
Seemingly, this is simply fortuitous, as there is no 
evidence that their determination was made with 
greater accuracy than the other two given in the 
table. They made no determimation of m for their 
capillary, and the value of 1.00, which they used on 
theoretical grounds (probably not sound) is lower 
than most experimentally determined values. They 
were not convinced of the existence of the length cor- 
rection involving the constant n, and hence assumed 
that n=0. 

In Hosking’s work neither the value of m nor n 
may be regarded as determined. He evaluated m 
for both Soestiens of flow through each of four 
capillaries and obtained results varying from 1.128 
to 1.216, with a mean of 1.158. He then recalcu- 
lated some of his earlier results obtained with other 
capillaries, taking m= 1.158 and n= 1.64 and arrived 
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7 »9—=0.01006 as the best result from his work. 
he value of n=1.64 was assumed, as with this cor- 
ction, certain of his data were more self-consistent. 
Bingham and White assumed that m=1.12 on the 
isis of calculations presented in a series of papers 

Boussinesq [20]. They determined the value 

f n for several combinations of capillaries and con- 

ided that its best value was zero. This value was 

hen assumed for the capillary in which the determi- 
ation of the \ iscosity of water was made. 

In view of the uncertainties in all three of these 

eterminations the lack of agreement with the 
resent determination is not significant. 


6.3. Application in Practical Viscometry 


One aim in this investigation was to obtain a value 

wr the absolute viscosity of water at 20° C that 
ould be used as a standard in practical viscometry. 
\ccordingly, beginning on July 1, 1952, the National 
Bureau of Standards is planning to use the value 
f 0.01002 poise for the absolute viscosity of water 
t 20° Cas the basis for the calibration of viscometers 
nd standard sample oils. It is recommended that 
ther laboratories adopt this Value as the primary 
eference standard for comparative measurements of 
viscosity. 

In evaluating the work reported here, considera- 
tion is now given to any limitations in the general 
ipplicability of the results obtained under the par- 
ticular conditions of these experiments. In this 
connection, various factors must be considered 

a) Purity of the water with respect to deuterium 
wide. At 20° C, D,O is about 1.245 times as viscous 
is H,O [21], and consequently the deuterium content 
n the water used must be considered. Fortunately, 
surveys (for example, [22] have shown that the varia- 
tion in the isotopic concentration in water from a 
variety of world-wide sources is only a few parts per 
million. This variation is not great enough to affect 
the viscosity by as much as 0.01 percent [23]. 

b) Other impuritie s. Unpublished results, ob- 
tained with water from various types of stills at the 
Bureau, have shown that a simple distillation, such 
is is accomplished by a commercial laboratory still, 
ields water of sufficiently uniform composition. 

c) Change of viscosity with pressure. Hardy and 
Cottington [21, p. 575], using a Master Fenske vis- 
cometer, found no measurable effect of pressure in 
the range, 1 to 3.4 atm. 

d) Change of viscosity with rate of shear. The fact 
that the data presented here are well represented by 
eq 28 may be considered as evidence that the vis- 
osity does not vary with rate of shear in the range 
overed (5,000 to 20,000 reciprocal seconds). Further- 
more, Griffiths and Vincent [24] could detect no dif- 

rence between the viscosity of water measured at 

rate of shear of 0.013 reciprocal second and that 
measured at 5,000 to 10,000 reciprocal seconds. 
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8. Appendix A. Values of the Various Con- 
stants and Quantities Used in the Calcu- 


lations 
8.1. Density of Mercury 


From the work of Beattie, et al. [12], and using the relation 

1m 1.000027 em, 
Die, r 13.59546 e/ml, or 13.59509 ecm 
Also, 
Die, .f 13.54589 g cm, 

The values of 8 for use in eq 20 were calculated from 
Beattie’s results and found to be as follows in the ranges in 
which they were used 


Temperature range 8 
( 
19 through 24 180.9 >< 10 
25 through 32 181.0 


8.2. Resistivity of Mercury 


From the ICT value of 9.40766 10-4 
ohm-mm, and converting, using the relation 1 
ohm 1.000495 absolute ohms, 


international 
international 


po = 9.41232 & 10 absolute ohm-mm 


The equation of Jaeger and von Steinwehr [25], 


pepe (1+ 889.15 © 10-8 + 0.99360 & 10-% 


is used to calculate the resistivity at other temperatures 


8.3. Density of Water 


The density of water at 20° C, used in the calculation of the 
pressure drop through a capillary from the height of mercury 
in the manometer, was calculated from the properties of 
water as given by Dorsey [26]. He gives the value of 
0.9982336 g/ml, or 0.998207 g/cm’ (1 ml= 1.000027 cm), for 
the density of air-free water at 20°C and a pressure of 1 atm. 
From Dorsey’s table 92, the corresponding value for water 
saturated with air is 0.998206 g/cm’. 

The pressure on the water, and therefore its density, varies 
throughout the viscometer and manometer system, and also 
varies with the height of mercury in the manometer. In 
appendix D the calculations of the pressure drops were made 
on the basis of a mean value for the density of water. This 
mean was calculated on the basis of a mean pressure of 1.25 
atm on the water in the apparatus. The density at this 
yressure was calculated from the data given in table 105 of 

Jorsey’s book and found to be 0.99822 g/cm!’ 

The use of this mean value of the density instead of the 
actual densities for each condition will in no case introduce 
an error greater than 2 parts per million in the calculation of 
the pressure drop through the capillary. 


8.4, Acceleration of Gravity 


The value used for the acceleration of gravity is 980.080 
em/sec?, absolute gravity, Dryden reduction. This value is 
based upon accurate measurements [27] made on the same 
floor of the building in which the work was done. 


24 





9. Appendix B. Calibration of the Gage 
Rods Used With the Mercury Manometer 


The calibration of a gage rod consists in the determinati 
of the interval of length between that rod and the longs 
gage rod. The result is expressed as a correction to t} 
nominal length of the interval. 

The rods were calibrated with Hoke gage blocks in a roo 
where the temperature Was controlled close to 20° ¢ 
shallow glass dish about 10 cm in diameter and containi: 
mercury Was placed on a leveled surface plate. A steel plat 
with a %-in.-diameter hole was supported above the dish ¢ 
parallel bars which rested on the surface plate. Hoke gag 
blocks, wrung together in suitable combinations, were place 
vertically on the ground surface of this plate, and the micron 
eter depth gage Was seated on top of the gage blocks TI 
gage rods were clamped successively in the depth gag 
passing through the holes in the gage blocks and steel plat 
to make contact with the surface of mercury in the dis! 
Contact was indicated by the same electric circuit as tha 
employed in the manometer. 

In this way the intervals between the longest rod and ea 
of the others were determined on various occasions, with t! 
results as given in table 23. After the first two calibratior 
only the rods that covered the particular heights used in the 
tests were further calibrated. 


TABLE 23. Calibration of gage rods 


The values given are corrections to the nominal lengthsiof the intervals 


thousand ths of an inch] 


Date of calibration 
Rod Nomi- 
nalin- Jan Mar Dec June Fet Jan Apr Oct 
terval | 1940 | 1941 1941 1947 1948 1949 §=61049 1949 
in 
”) 0 0 0 0 0 0 i] 0 0 
4 ; +183 +177 
i) 1 +103 +O +44 +59 +1 
‘ ‘ 4} 44 —75 —78 
44 ‘ +42 +35 +28 4 ro rT 
7 +48 +41 +38 +30 +29 +11 +11 
2 8 +34 +28 +13 +29 +33 4-25 
1 , 4 f 22 4 ; 
40 10 +5 ; +5 +f 7) 9 —12 
39 1 33 41, —41 4 ts ts 5 
tS 12 +47 +39 +18 +f +f 
37 13 | -—32) -33| -4@ 1 “4 -41 | —47 
6 14 0 9 —12 ' s 17 
a5 15 6 —45 —43 is ”) 7 —61 
4 16 +21 +11 2 i 0 
33 17 +75 +68 +67 +48 41 +42 
32 18 +51 +44 +16 +S +12 
1 19 44 51 —53 — 54 —61 t — 66 
30 2 +38 +31 . +12 +7 +10 
29 21 +43 +35 +25 +17 +19 
2s 22 +27 +21 +4 +9 +11 
27 23 —fi2 49 —70 —93 WW — 
26 24 2277 | —235 ° —246 —256 255 
25 25 —159 | —167 —188 —196 | —190 
24 26 —182 | —191 —195 | —195 | —207 —219 | —215 
23 27 81 98 —109 | —121 —115 
22 28 +222 | +212 ‘ +205 +191 +195 
21 y=] —33 43 —5Y " 


The rods were numbered according to their nominal lengths 
in inches. The second column gives the nominal difference 
in length between each rod and rod 50, which was the one 
used in obtaining the manometer zero. The corrections 
given for each rod are corrections to the nominal length of 
the corresponding interval in inches. In all of the cali- 
brations, measurements with each rod were repeated at least 
once, and the corrections entered in the table are mean 
values. Repeated measurements on a given rod showed 
agreement within 0.0002 in. in almost all cases. 

It was not possible to attribute the changes in the lengths 
to any one cause. In general, the changes were in the 
direction of the intervals shortening with time, but the mag- 
nitudes of the changes were not proportional to the interval 














hs and therefore were not exp ained by uniform shrink 


f 

of the rods. It is probable that growth and shrinkage 
rods, together with possible electrolytic wear of the 
s, were all involved in varving However, these 
re followed closely, and it is felt that the corrections 
n to within at least 0.0004 in. of their true values 
when flow measurements were being made 


the 
extents 
inges we 
re KHnOW 


all times 


0. Appendix C. Radii by the Gravimetric 
Method. Details of the Weighings 


For 
ivimetric 


determining the mean radii of the capillaries by the 
method, the quantities of mercury from the 
ngs of the capillaries were weighed in small glass-stoppered 








In the weighings concerned with capillaries 2.5 and 1.4a, 
ree bottles, 3, 6 and 2 were used Bottles 3 and 6 were 
ed in the weighing of the mercury, and bottle 25 was 
ghed each time as a blank The weighing procedure 
is designed to determine the effects. if any, of possible 
iriations in the surface condition of the glass upon the 
stanev of weight of the bottles The three bottles were 
st weighed empty, and the mercury was transferred from 
e capillary to bottle 3 and weighed It was then trans- 
rred to bottle 6 and weighed After this, the mercury 
as discarded, and bottle 6 was weighed again empty. 


efore each weighing the bottles were held in steam momen- 
to condense moisture of the surface 


Ihe bottle 


bottles 


irily so as to dissipate 
caps were 


placed in the balance 


electrostatic charges loosened 
! replaced Then the 


i weighed after about 5 


were 


minutes 











he results of the weighings of the empty bottles are given 
table 24 rhe weighings show small erratic changes, and 
raBLe 24 Vass of weighing bottles, empty 
, 
. Relat 
, 
I 1 ‘ 
2199 1. 28 rT 
2199. 038 1. 278 24 i 
” i Ze -* 24 
eo - 
~ - . 24 | 
¥ " ~ 24 4 
— 9. 049 1. 204 ' 
+ y " 4 ‘ Pall} 
2199. 059 1. 29 24 
0. 04 m “ ‘ 
Zt 7 ” = 
2199. ( M ' 
26 44 . 
_ f 2199.0 rT ou " 
Ee) 2199. 05s 201. 29 ou 1 
dence a definite over-all gain in weight of all three bottles 
iring the period of their use. rhe gain in weight of bottles 
and 6 is probably not attributable to residues left by the 
ercury samples, as bottle 25 showed the same increase 
In the course of the weighings, the relative humidity in the 


was varied through the 
the weighings 


om where the weighings were mad 
de range given in the table. Apparently 
re not affected by these variations 


25 


The results of the two weighings of each sample of mercury 
are given in 5. Samples A to I from repeat 
fillings of capillary 2.5a; F to J from capillary I.4a 
The agreement between the two weighings of each sample is 


table were 





were 





better than 0.01 mg in all cases he mean values of these 
duplicate weighings are given in table 10 and were used in the 
calculations. Considering all sources of error, it is probable 





that these mean values are within 0.01 mg of the true masses 
of the samples. 
PABLE 25 Vass of imples of me y from fillings of 
apillaries 9a and I.4a 
We } bottle 
D 

A 4 654. 30 644, 30 

B mM 64. 490 654. 48 

( 19/™ 654. 18 654. 190 

> yee 654. 638 654. 64 

} , 654. 329 654. 324 

I $/ 5 IRH. OAD st s 

G 1/25/" a6. O16 st 

iH 26M NH. OF af. OOF 

I 46, 214 86,2 

j , 86. OFF 86. 04 


ll. Appendix D. Data and Calculation of 
the Pressure Drops Through the Capillaries 


Tables 26 to 36 give the observations made in the series 
of flow 
press ure drops 


tables were 


ie II 
and the detailed calculations of the 
in column 3 of these 


measurements 
rhe 


calculated by 


values of Q given 


the relation 


iry l 


Dug, 


ZTramns mere 
Q speed of drive shaft 
irn of drive shaft 

second 
of the gears 
injector 


rhe speeds of the drive shaft in revolutions were 
calculated from the motor speed and the ratio 
used in each cas¢ Phe of delivery of the 
urn of the drive shaft was taken appropriately 
from table 1, 3, or 5 The value used for the density of 
mercury at 20° © is 13.59546 a/« see appendix A 


The gage-rod corrections given in appendix B were plotted 


per 


rats in 
grams per t 


" 


as a function of time, and the corrections entered in column 5 
were taken from these curves 

Each observation of the manometer zero is entered in the 
lower part of the tables The mean of the observations in a 


particular series Was {in the computation of the pressures 


for that series 


Values of Mog, the micrometer depth-gage head readings 
under the flow conditions, are given in column 6 In column 
7, A=mean M Vo 

The differential heights of mercury in the manometer are 
given in column & These are computed by the relation 

h \-+-Interva rod correctior 
in which the interval is the nominal difference in length 


between the rod and rod 50 

The difference the temperature each r 
and 20° C is entered in On of these 
temperature differences, the corrections to hg entered in column 


ot 
1¢ basis 


between actual in 


column Y ul 


ll were computed by using 0.0025%/0.001 deg C for the 
change in the viscosity of water with temperature at tem 
peratures close to 20° © [4] The sign of each correction is 
such that fh, he+ Ah, in which ho is the height of mercury 


for a corresponding run at 20° ¢ expansions or contractions 
in the duralumin frame, gage rods in the 
etc. were computed and found to be completely negligible for 
these small temperature differences 

The mean value of A» for 
column 12. and the standard deviation 
in column 13. 


mercury manometer, 


flow 
f the 


each rate ot is given in 


mean is given 











fact 

















measurements 





made 


s per 
1es_ of 
Di. 


0040 
0040 
OO40 
0040 
(awe 
oo40 
0040 
0040 


cert 


lata 














square centimeter were As was mentioned in the description of the manomets 
d in ecolumr the values of po given in column 14 include the pressure dr 
























ng the relatior through the side tube connecting the exit chamber with t 
De a } long arm of the manometer Values of this pressure dri 
which is equal to the second term on the right hand side 
{ or tir ! . oO - e ° 
or converting ehe t eq 16, are given in column 15 This correction was app 
and (Du, Dw to pw Yielding the pressure drops across the capillary alo: 
which are entered in column 16. Standard deviations 
} dynes per square centimeter are entere din column 17 
PARLE 26 S es Il, caj ary 2 
‘ ire dt 
‘ i 
Sta Corre ul 
ard 
Mo 4 . ~ : P , 
D Dy 
( Dy D 
214 5 mw) Ooo 
21% aK mn ool 
2 ’ "v wT + OO r 
1v 214 NM wee oon 7 
st) 2179 2 ) . o009 7 Is 6x ), 225582 17 O000K 225581 & 10 ) 
224 f244 un wil 
] 214 y ‘ wr ce 
‘ 21% 2 . 0004 
Td ‘ 22 CL Oooo 22 
rs noe 2 Wis oo42 12. wOrTT 
Ait "a 2 ww x 000 2 wo 
vou SA His wee ool 12 4 | 
4248 OSSU 2 w7e ooo oooo «612.9079 ‘12. GOT4 ) sOS179 O00? i. +28 
«0 ORS] 12. GOR x 0000 12. 9087 | 
ve USS; 2 wl ol 000 12. Gom4 | 
20) o9ol 2 ww mm Oooo «12. G87 
wit 174 + 4712 one 
on +s » 476 ool 
eh 4800 » 4748 oOo 3 | 
wu) 477 472 uM 
7 7m) 19.4708 +. 61 19. 470 +12 GORIIS O0000. 608, ; 
“2 4a » 480 ” 
15 im4 » 4789 ool 4 
44 4s » 476 000 | 
im4y 4707 un 
{ 2 mal 000 ) 
ww 4 » in + OO1 + | 
Toe) 7 Pa In? +. OOF + ‘2.1100 +31 815880 0004 S158 +04 
Has wl 2 2s Oo + 
6930 120 Dh. 12 002 | 
Observations of Mo, August 1941 data 
. : 
a4 a4 s & at 5 5 aS aS 
: p. a 10 pt : p. m in p.t ‘ 
m4 0. 843 0. S422 0. 8432 0.8434 0. 8437 0. 8440 S408 0. S438 * 
Mean value =0.843 Standard deviation of the mear +0.0001 
Observations of Mo, September, October, and November 1941 data * 
a ya 12 930 O30 Tl 10 Os 108 
0 a1 p.n 1. m p. 0 0 0 0 p. a 
oO. 840 i. 0. 804 0. R55 O82 0. 834 0. 8360 0. 8362 0. Soe 
10/9 1 10/10 10/27 10/27 10/28 10/28 10/29 1! 
" p.n 11 ». m 1m p. m 0 nm 
a aw 0. 8359 0. 8351 0. 5304 0. 8380 0. 8300 0. 8358 { 0. S36 
Mean value =0.8359. Standard deviation of the mean =+0.0002 
n shin were removed from under the surface plate on which the depth gage was mounted. Hence, these data ar 
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On Some Functionals of Laplacian Processes : 
R. Fortet 

Let X() be a random function derived, in a sense that is explained in the paper, from c 

a Poisson process It is proved that, under certain assumptions, the distribution of the 

+7 

functional Viu, X(w))du tends to a Laplacian (i. e. normal) distribution as T->o. 

This result is extended to the case that X(0 is itself a Laplacian process by means of a 

theorem stating that, under certain assumptions, every Laplacian process is the limit of 
some random function derived from a Poisson process V 
0 
We shall use the following abbreviations a and 6 (independent of ¢ and +r) such that m 
fr: function of repartition B* 
ef: characteristic function a (r—t) So? (t,r) Sb (r—-t P 
c: covariance vs 
- ic 


fe: function of correlation 
rf: random function. 

rv: random variable 
mq: in quadratic mean 
almost certain, with probability | 
Laplacian process. 
function derived 


ac 

Ip 

rfP: random 

process 

em: mathematical expectation. 

emq: standard deviation. 

imq: integral in quadratic mean. 

iac: integral with probability 1. 

Section 1 1s devoted to the statement 

lemmas; section 2 is to show that, under some general 
assumptions, a lp may be considered as the limit, in 
law, of certain rfP’s; section 3 is to state our principal 
result in the stationary case; section 4 is devoted to 
extensions of these results to nonstationary cases; in 


from a Poisson 


of some 


section 5, we indicate some generalizations in another | 


direction. 
1. Let Y(t 
D, ©), the e y(t,r7 
every finite domain); we assume EF] Y(¢)] 


be a real rf of second order defined over 
} of which is ?-integrable (on 
0; hence: 


L (t,r) Y (u)du 


imq 
exists, has a null em and an emq o(¢,r) given by: 


y (u,v) dudv* 
t t 


o*(t.r 


we assume that: (a) there exists a fixed number / such 


that, for any integers n, m, and for any values 
é. oa Ge Dic c «ne tea 

f t t.<_T) Toa tT,—tael 
the two (n-dimensional and m-dimensional) rv 
Y(t), Y(t,) }and{ Y(r;), Y(7r,,)}are in- 


dependent; (b) there are two fixed positive numbers 
' The preparation of this paper was sponsored (in part) by the Office of Naval 
Research 
? Loeve, Fonctions aleatoires du second ordre, p 
Stochastiques, Paris, 1948, Gauthiers-Villars edit. 
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at least for (r—t)>0 and sufficiently large; (c) ther 


is a finite positive function A(w) such that: 


0 
_ 1 «4 
E\ L (t,r) 8 s K (r—t) oe 
Ww 
for every (t,r), at least for (r—t)>0 and sufficiently 
large. vhie 
Then we have the following lemma: 
Lemma 1: Under the above assumptions (a), (b 
(c), for every fixed t, the fr of [L(t,t+ T)]/[o(¢,t+ 7 
tends toward Laplace’s law [with em=0 and emq =| 
when 7 tends toward + @; and L(t+7)/T tends mit | 
toward 0 in probability.* r—l 
Proof: Of course, it is sufficient to consider the Le 
case t=0; let L be any positive number, larger than ers ¢ 
l; we put: 
t,=n(L+l) is n(L+H—!; 
or al 
. ~ , Pte... suffer 
X=(" Y@du Y= [Yu 
J fn 1 J fs 
and, if n; is the largest integer such that: n7(L+D : 
. “ . 
Zr Y (u) du 
Frag If Fi 
We have: 
7(0,T) «(0,T) & 7(0,T) | ' «(0,T) = 
\ eTe 
EL 7 sway so or cb Et! 6g 
ge FY i i tee! T ad” a si 
It must be pointed out that the Y,’s are mutually — 
independent; also the X,’s are mutually independent; = * 
hence we have: = 
T/ 1 my bind 1 
E|(—~y > Y;) |s-ys (3 Jui 
«(0,7) “a T~aL+l ; 
+ We do not know if this rather obvious lemma is or is not already known 
of) 








; that may 
all. if we choose ZL sufficiently large. 
lependence of the .X,’s, and from (b) 
lows that the fr of 


L+l) being a quantity 


be arbitrarily 
From the 
and (ce) it 


l 
vE[U" 


U=>°X 


ls toward Laplace’s law [with em=0 and emq 
when 7 tends toward ©; on the other hand, it 
ows from (2) and (3) that A[0|/o7(O,T) may be 
near 1 as we like, if we choose Z and 7 sufficiently 
ve. The lemma follows obviously from 
narks 
Remark: It must be pointed out that, if Y(é) is 
etly stationary, the assumption (c may be sup- 
ssed, the X,’s having, in such a case, the same 
on the other hand, in the general case, (¢) may, 
course, be replaced by some other, more or less 
neral, assumption of the same kind 
We consider now a real rf )(¢), defined over 

, Stationary of second order and the fe y(h) of 
ich is continuous; we are always considering 


these 


L(t, Y (uydu 


in this stationary case, o*(¢,r) depends only on 
t); we have the: 
Lemma 2: For the existence of two positive num- 


saand 6 such that: 
a(r—t)So?(r—t)s b(7r—-t r—t)>0O] 4) 
t) sufficiently large, it is 


any ¢, r, at least for (7 


sufficient that: 


| y (h)\ dh 


| vy (h 


is the spectral function of y(h 


“+o ] 
o*(r—t) 2 | 


dh#0 


E(w) 


_ we have: 


cos bo 
dk \w@W) 


wW 


t; for any e >0, we have 


: eg ] cos éw 
lim = dF (w)=0. 
b++a 0 oe |e ¢ oo 
Let us assume that, in the interval (—e,+e), Fw) 


as a derivative f(w), and that f(w) is continuous 


rw=0, with /(0) #0; we have: 


*+* 1 —cos bw ' : “+e 1 —cos bw 
= dF (w) f (0) dw+ 
Ie w ; J —e w 

"+¢ 1 —cos bw , , : 

—— [f (w)—f (0)] dw 

o) —e ao . ; 
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: aoe 7 COs Ow 
when 6+ @, f(0 dw is equivalent 
‘ 2 w* 
to Sé, where S is some fixed number +0: and 
meet cos é6w . 
1 (w f (0)| dw is bounded by 70 
P Ww * 


where 7 is a >O number, as small as we like if we 
choose ¢ sufficiently small; on the other hand, F'(w 
has an everywhere continuous derivative f(w) if 


*4 4 


y (h) dh and, as f (0 y (h) dh, 


that, under the 
there exists a number ¢ such as 


the lemma follows. Besides, we see 


assumptions (a) (b), 
~eT 5 


when 7'->-+- « 
9 


5) is more precise than (4 


In what follows, we have to consider: a Poisson 


process N(t) of constant parameter m; if r+ >t, 
N(r)—N(t) is the number of the jumps between f 
and +, and 

Pr| N(z Nit K)=« K 
the derived centered process N*(t Nit) mt: a 


real function Rit.r of the two variables 2 defined 
over ao<t. ©, such that, for every fixed ft 
Re t.r function of T, L-measurable and L- 


summable; the process A(t) defined by 


Is, as a 


y 


A(t lim mq ine Rit, rd N*(r 6 


a 8 Ja 


We shall call such a process V(t) a random function 
derived from a Poisson process (rfP). The precise 
meaning of (6) is stated, for instance, by Fortet 
It is known (see footnote 4) that 

Theorem I: If m ©, V(t) is tending in 
toward the Laplacian process .\*(t), the covariance 
C(t,r) of which is given by 


law 


I'(t,r Rit, u)R(r, 


u du ‘ 


Reciprocally, one may ask under what conditions a 
real Laplacian process \*(t) with ¢. T'(¢,r) may be 
considered as the limit in law of some rfP. We 
gave (see footnote 4) a partial answer to this ques- 
tion, by the following 

Theorem II: Let the e [(t,r) of N*(t) be a fune- 
tion r(h) of h=r—t only; X*(t) is the limit in law of 
a rfiP with a R(t,r)=R(r—t) depending on (r—t 
only, if and only if: (a) r(h) [which is necessarily 
positive definite as a ec] is continuous lhence, it is a 
cf] with an absolutely continuous spectral function; 
(b) R(u) is of the form: 





‘ Fortet, Random functions from a Poisson process, Berkeley Second Syn 
posium on Mathematical Statistics and Probability (1950 

4 process X(/) tends toward the process X*(t) in law 
te, , tn, the fr of the (n-dimensional) rv [X(¢ te 
ing toward the fr of [X*(/ x(t » a(t 


f, for any nand any f 
, X(t.)! is tend 











R uw) 


1 4 
‘ 2m. . 
where f(w) is the spectral density of r(h), and ¥(w) is 
any odd function 
We shall give here a more detailed proof of this 
theorem; if there is a rfP X() with R(t,r)=—R(r —?) 


iwtd yl Fourier-Plancherel 
transform], 


\ f(w) e'¥™ ¢ 


depending on (r—t) only, | and such that we have: 


R(t, r) dr R*(u)du- © | and tending in 


law toward X*(f), we must have by (7): 


rth) i Riu) Ru+h) du 


Let us put: 


l %L« 
Riuye 


«“du |Fourier-Plancherel 
transform], 


a(w)e'* 


v 2. 
a(w) being real, even, and 20; ¥(w) is odd, R(u) 
being real; then we have (see ° for instance): 
ey x 
rth) a(we'*™ a(—wye'¥ —“ e-"*daw 


e4 x 
a*(wye~ “dw. 


Hence, r(h) is necessarily continuous and with a 
spectral density a*(w). Conversely, if r(h) is con- 
tinuous and has a spectral density f(#), a function 
R(u) exists given by: 

*+e 
R(u): : 
~ 


. y2r 


(9) 


" “dw 


ly lw) 


vf (whe 


where ¥(w) is any odd function, such that: 


74 @ 
| R?(u)du<i+ « 


and satisfying (8). 


It is more difficult to obtain a result in the general 
case: of course, I'(t,r)< eo for every fl is a necessary 
condition; we suppose it satisfied in what follows; 
in a heuristic manner, we may develop the following 
considerations: I'(¢,r) is, as a c, of the nonnegative 
type (see reference cited in footnote 2, p. 301); hence, 
if 7 is the linear operator defined on L?(— © ,+ @) by 


gb) H{(f\= : “Trt, tr) f(r) dr 


then, under some general assumptions, // is self- 


adjoint positive (bounded or not); hence it has‘ a 
self-adjoint positive square root A [and only one‘, 


*E. C. Titehmarsh, Introduction to the theory of Fourier integrals, 2d ed 
Clarendon Press, Oxford, 1948 

’ Bela de Nagy, Spektral darstellung lineares Transformationen des Hilbert 
schen Raumes, Ergebnisse der Math. 5, part 5, p. 52 (Springer, Berlin, 1942 

* But in general there are also self-adjoint nonpositive square roots, 
non self-adjoint square roots 





ind also 


that: K? 
assumptions, 7 being an integral operator, K is a) s 
an integral operator and admits a representation 
of the form: 


that is to say HH; under some gene) 


go=K[fl|= Kit, r) f(r) dr 


The relation A*?=H is expressed by: 


I(t, r)= Kit,u) K(u, r) du 


and, because A(t,r) is necessarily symmetric, by 
OL «x 
I(t, r)= | Kit, u) K(r,u) du 


Hence we have found a solution of (7) (and a sym 
metric one): we may take R(t,r)=A(t,r); and ther 
is at least one rfP, the limit in law of which is X*(¢ 
For instance, if I'(¢,r) is continuous over every finit 
domain and if 


I(t. r)dtdr< + a 


His completely continuous; all the necessary assump 
tions are satisfied; ['(¢,r) admits the representation 


. sn f,(Of,(r) 
ret, )=<_— 
aN 
where the \,’s are the eigenvalues of H/, and f,'s it 
normed eigenfunctions; we have: 


K(t, r) Do LOS) 


Rit, r) in mq 


yA 


Then we may remark that, if we have a solutio 
R°(t,r) of (7) for a particular ['(¢,7)=T°(t,r), R(t) 

f(t) R°(t,r) is a solution of (7) for P(t,7)=f(Of(r) P°(tr 
From that we may deduce that for every I'(t,r) con 
tinuous on every bounded domain, (7) admits a 
least one solution (symmetric or not); the reason | 
that, in such a case, we may find a continuous func 
tion f(t) and a kernel [(¢,r) such that: (a) I°(¢,r) 


continuous (on every bounded domain); (b) 


(P(t, r))?dtdr< +; (ec) Tit, D—fOf( t+ 
For instance, we may choose f(t) in the followin 
way: let A(a) be the tub/(t,7)) when OS!r Sit: 
a,d’(a) = max [1,A(a)]; we take: {()—)‘(Het’. 
we have the: 

Theorem III: Every Laplacian process X*(), th 
c T'(t,r) of which is continuous on every bounded «i 
main is the limit in law (as m is tending toward + 
of at least one rfP. 

On the other hand, it is obvious that in general (7 
| admits several, and even an infinity, of solution 
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It 
that 
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eXISLS 


deper 


Bary case, in which R(é,r) 


for instance, if ['(¢,7)=1, there is an infinity 
oices for R(t,r) which are functions of r only that 
fy (7); another remark is that a I'(¢,r), given by 
when /(t,r) is given, is necessarily a covariance, 
s not necessarily a continuous one [see, for ex- 
le. the case where: 
R(t,r)=0 if t=0 and rif t¥0) 
In what follows, we consider rfP X(t) like (6); 
Vit.cz) being any real, given function of ¢ and z, 
consider the rf 
Y(t) 


Vit.X(] (10) 


the functionals: 


Lit, r) V[u, X(u)| du 


. 


| our aim is to prove that, under some assumptions, 
fr of L(tt+ 7), when this rv is properly normed, 
| for any fixed ¢, tends toward Laplace’s fr when 
+o, And we shall try to extend this result to 
case where Y(¢) is not a rfP but a Laplacian 
In all cases we shall assume that there is 
finite positive number M, independent of ¢ and z 
j(but, of course, depending on the considered func- 
tion V) such that for any ¢, z, 2’ 


recess 


Vit.r) —Vit.2’)| s. 11 
Swhere @ is any fixed number withO<as1. Ofsuch 
function V, we shall say that it belongs to the class 

- if VeC, and if f(t) is anv function of ¢, it is 
ibvious that V+ belongs to C, 

In this section, we restrict ourselves to the station- 
R(r—t) depends on (r—? 
and V(t,2)=V(zr) depends on rs only; we begin 
by considering the case where X(¢) is a rfP. 

It is readily seen that Y(t) is strictly stationary, 

EY@®), AUY@O), A? O), FALYOY(t+A)] 
exist; from a preceding remark, we may assume, 
vithout loss of generality, that A|Y t)] 0: y(h is 
the fe of Y(t), and it is easy to prove that y(A) is 
ontinuous; )(¢) is continuous in mq and 


miv, 


hat 


Lit,r)= | VIX wl du 
t 


imq 


CXISLS ; E|L(t,r)} 0; the emq o(r—t 
pends only on (7 


of Lit,r 


—t), and is given by 


exists, 


ao” (r—t) y (u—v)dudv 


s supposed that: 


| ” R2(u) du - 


and we assume that 


o(a 2 da< 
We put 


(2 (u) if\juisa 


R,(u) 
(0 if |u| >a 


R’ (u)= R(u)— R, (u) 


(13) 


y ns 


lim mq Yiae 


8 


*p 
R(t r)dN* (7)! 


a 


(14) 


X ()— X, (#) 


lim mg iac 


a+—©,B-++< 


l POP : 
| R’(t—r)dN* (1) 


ym. 
(14’) 


and remark that: (a) if |r—t!) 22a, .\,(t) and 
X,(r) are two independent rv; (b) for every fixed 
t, X,(t) and X{(t) are independent rv; but the two 
processes .Y,(t) and .Y{(¢) are, in general, correlated, 
because .Y,(t) and Y{(r) are not necessarily inde- 
pendent ifr #t. Now we state the following lemma 
let R’(u) (GQ=1,2, ,r) real functions such 
that: 


we 


be 7 


“ [P? (u)}*? du- 
We put 


@;(\ a) 


[PR (u)|?du 


lim mq 
_—w, B—++« 


\. 
1ac 


“8 
R(t r)dN* rae) 


ym 
(x) be r functions of the class C,, such that 
E{ V;(X’@O] 0 (j=1,2....,9) 
We put 


SVX O) 
l 


Z(t) 


Of 


course, Z(t) is a strictly stationary rf; let 
pth) 


Ei Z(t)Z(t+h)| be its fe. In what follows, S 
is some finite fixed positive number, not necessarily 
the same in all the formulas; we have the following 


s(x30,(5)) 


j=l 


Lemma 3: p(h) 


It is sufficient to prove this in the case r= 2; Ri(u), 
Ri’ (u), Xi(), XO bemg defined as in (13), (14), (14)’, 











we put 
Z(t) = ViLX0] + VLLX20 
hen 
E|Z,()|= F(Z, (t) —Z() 
BE VAXO|— ViLX' Op + (VIX VLY*(0)] 
and by (11) 
E(Z(0), sS) EU XS O\*|+ kU XL 
By Hélder’s inequality, we obtain 
; ‘ - Zo - 
E|Z,(0|| SS) (a)? + d(a)? | lo 
because 
BY LX] [RoC du [R(u)Pdu= a) 
We put 
A,{t Z(t E|Z,(t)| 
Bj = E(Z(0| + Z(t) — Z,(t 
We have 
Z(t)= A,(t)+ Blt 
FE | A,()| = E| B®) =0 
and, if ¢ 22a,A,(0) and <A,(f) are two independent 
r.v.; we have from (11) and (15) 


: . 
3, (t) + ofa)? 4 


1 


Y = s (a) 


Hence, from Holder's inequalities 


E( B(t))=8 [ « a)? 4 o(a 2 | (16) 
On the other hand, it is easy to see that 
EVA) )<sS (17) 
hence, if a=A/2, we may write: | 
pl(h)= E|Z(O)Z(h )} 
E| An (0) By (h) An(h )Bs (0) } By (0) Ba(h I, 18) 


16), (17), (18) and Schwarz’s mequality prove the 
Lemma 3. By exactly the same method, we may 
prove that: 


Lemma 4: If we put: 


ViOo=—ViXw), YA0— VAX WO), Y= VAX) 


(under the same assumptions as above on the X?’’s | 


and the V,’s) and: 


E|Y (OY Ut+h)| 


¥Y lh ), 








we have 


Y (h) = 


(where S may be chosen independent of j and 


Now, we return to the rf Y(f) defined by 


Vao=VLX 
and with fe y(A), 
Lit,r [’ YV(ujdu 1 
By (9) and the lemma 3 (with r=1), we have 
( y(h)idh- 


We shall assume that: 


It follows by the lemma 2 that there are two posi- 
tive numbers / and m such as: 


yihjdh #0 


l(r—t) So*(r —t) S m(r—-t r >t 


at least for (r —t) sufficiently large; let a be any posi- 
tive number, we put: 


a 


Y.(0=VLX,(0] 
A,()= Y,(t)—E|Y,()| B,(t)= Y ()— Yilt ns 
E|Y,() 
L,(t,r A,(ujdu Li(t.r Bujdu 
We have Mm rey 
Y (t)= A,(t) + B,(t) 
Lit,r)= L,(t,r) + Lilt.r) 


and we remark that: 


| (a) if r—t} 22a, A,(f) and A,(r) are two independ- ' 
ent rv; by lemma 3, applied to <A,(f), the fe y,(h) of b 
| A,(t) is such as: fll 
} ; EY. 
yalh) = So ( ) (20 
on the other hand we have: 
\ a 
lim ya(h)=y(h). (21 


a~+ @ 


| 
| This follows obviously from: 
Y(t) 


A,(t) [Y@—Y.@0]—ELY.), 


36 





12 applied to ),(t), and from And, because 
V(t ViNd 


lows that, for any a it follows from (12) [applied to ¥(f)] and from (8 
that, for every fixed h 


lim y(h)=0 


that, for any suffictently large a, by (19 : 
. From this we may deduce, as in (a), that 


vy Ahidh #0 lim , BE|Li(tt+7 


ce for any sufficiently large a, by Lemma 2, there | uniformly in T 
two positive numbers /; and m, such as Now, from all these facts and from Lemma 1, it 


follows the 
j 


(7 <FE|L,(t,r)"|: r—{ on : 
’ Theorem /\ ; Under the above hypothesis, when 


T tends toward x and for every fixed A the ft ol 
A,(t) being a strictly stationary process, it fol- 


: from Lemma 1 that, for anv fixed t and when 7 
nding toward ©, the fr of 


tends toward Laplace's fr [with em—=0 and emq 
\E L tf / \lore generally considering S(t defined by 


ls toward Laplace's fr [with em=0 and emgq 
the other hand, putting 


Zi)=2,V 


as above, under the same assumptions, and if we put 


mav write . 


ie lL (u+nyef 0%: M(t, 7 Ziujdu, 
y i dudi a I y\a da |as ‘ 
. - Jt 2 8 


obviously we obtain in the same way that 


re p; i Do are ‘tions of 8. eas ‘ter- one , . ma 
3, and > are two function 3, easy to dete Theore mV: VW hen ] tends toward D. then. for 
ne; in the same way 


every fixed ¢, the fr of 


| alu —e)dud ae Uh aida | cre Mi 


yle| V t.t- 
and (21), it follows that ; 
tends toward Laplace's fr, at least if, 6(h) being the 
fe of Z(t). we have 


ee 
p Ee hatt 
HhAjdh #0 


gis - On the other hand, considering )/(t V[X?2(t)] 
formly in 7 oa 
, : , j= 1,2, _r), under the above assumptions, and 
b) We may apply the lemma 3 to &#,(t), in the | * ae 
T 7 A 7 . , , assuming that, if y,(h) is the fe of Y,(t), we have 
wing way: r=2, V,[zjJ=Vi(zr), V2(2 Vs 


) t |, R Riu . TP? R uw); as . 
y(hjdh 40 
Oo) (u) Solu . 

obtain that, vith being the fe of B,(t putting 


. Lilt.r Vudu 

, h ° atin 
(nr) SS- 

alk) S | 2 it is easy to prove that 


Theorem VI: For every fixed tf, as 7 tends toward 
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L*\(t,t- 
o, the fr of the r-dimension rv ) ize 
( o(T) 


T) 
L'(t,t+-T)) 

o(T) 5 
fr 


In order to prove theorem VI, we 


tends toward an r-dimensional Laplace's 


have to use 


Lemma 4, a reasoning very similar to that which 
gives Lemma 1, and to prove that, when 7 D , 
KS Ltt+T) Ltt+T)) 

“t «@(T) oT) § 
has a limit. That is not difficult, with (5) and a 


reasoning similar to that which leads to (22).'° 

Extension to the case of a stationary Laplacian process: 
Let X*(t) be a Laplacian stationary process, with 
fe r(h); from theorem II we know that .\*(¢) is the 
limit in law (when m o) of the fdP A(t) with 
R(u) given by (9); let us assume that there is a choice 
of ¥(w) in (9) in such a way that, ¢(a@) always being 


| R?(u) du, 
ul>e 


we have: 
e 


(a)? da: 


(23) 


Introducing, as above, X,(t) and V(t), we know, by 
theorem I, or, better, by a more general theorem of 
[3] that the two-dimensional rf [X,(f), AJ(f)} tends 
in law toward a two-dimensional Laplacian rf [X?(¢), 
Xi*(t)} (when m ©), and we see immediately 
that we may consider that: 


X*@=X*)+X"@ 


(24) 


X*(r) are 
X/*(t) are 
X.*(t) are 


It is clear that, if |r—t) 22a, N*(t) and 
independent; that, for every ¢, X7(t) and 
independent; but the two rf Xt) and 


correlated; the fe’s of A3(t), X2*(t), the correlations | 


between X*(t) and X3(t), X*(t and X!*(t), X*(t) 
and X{*(t) being the same as those between X(t) 
and X,(t), X(t) and X(t), X,(t) and X{(t). What- 
ever m is, it is clear also that the preceding method 
may be applied to X*(t) as well as to X(f), and with- 
out any change; in particular, we may conclude: 
(a) from Lemma 3, that (24) is a representation 
if X(t) be a sum of two Laplacian processes, the 
second of which is in some sense negligible if a is 
large, the first being of a well-defined and very sim- 
ple and special form; this decomposition is valid for 
a wide an of stationary Reaincion processes [it 
would be interesting to replace (23), which defines 
this class, by a more direct assumption on r(A)], and 
seems to us to be the most interesting feature which 
we encounter in this section; it must be pointed out 
that this decomposition is not a classical spectral de- 
composition; in such a spectral decomposition, which 
is valid for any stationary r.f. of second order, the 
" Theorem IV was first stated by Blanc-Lapierre, in Sur certaines fonctions 


aleatoires stationnaires, Thesis (Paris, 1945), Masson edit., but under some very 
much stronger assumptions 








but ia (2 


uncorrelated: 
A*(t) and X2*(t) are correlated. 

(b) Theorem IV and Theorem V are immediate y 
applicable with A*(t) instead of A(t); it is also px 
sible to state the equivalent to Theorem VI. 

4. Now, we take the case in which A(t,r) is a 


terms of the sum are 


V 


that there 


function of (t,r), but we assume is a 
nonnegative function (uw) such as: 
R(t,r)| < R(t—r) RR? (uj)du<i+ « 


and such that, if 


o(a)= | R? (udu, 
u\>a 


4 a 


o(a)* du: 


and '"(t,c) may depend on ¢ 


It is clear that the preceding method may be applied 


with: 
R,({t,r)= Rit, r) if |r —t' sa,=0 if |r —t\ >a 
Ri(t,r) Ri(t,r(—R,f{t,r) 

and so on. The limitations given by Lemma 3 and 


| 4 are still valid; we start by considering, not (¢ 





but its Laplacian limit in law Y*(t); let y*(u,v 
E {V(X*(w|VLX*(e)] }be the ¢ of Y*()=—VItX() 


and 


L*(t,r)- | Y *(u)du. 
Jt 


It is easy to see that there is a function A(r—t 
such as: 

ECV L*(t.r)\*) <= K(r—?) (25 
is valid for every (t,r). Consequently, by Lemma 1, 
the analogue of theorem IV yields, if we suppose 


that: 
: , l +T (t+T : 
lim inf r| y*(u,v)dudv >0 
. t . t 


T-+@ 


[this limit is independent of ¢; this assumption is 
to replace (19)}. And we may point out that we 
have for X*(t) a decomposition analogous to (24 
But it is an open problem to characterize, directly 
on their ¢., the Laplacian processes such that there 
is a corresponding function /?(t,r) satisfying the pre- 
ceding assumptions. But we may mention that, in 
the electrical applications it is known a priori that the 
interfering Laplacian processes are of the above con- 
sidered kind. 

Now, if we take the case of X(t) instead of X*(0), 
we may follow exactly the same procedure: the only 
exception is that, now, the limitation analogous to 
(25) is not automatically satisfied, and we need a 
supplementary assumption, like, for instance: 








ti 








El ({- R(t—r)\dN*(1 ) | 


der to have (25 

On the other hand, it would be useful to have an 
mption on '” weaker than (11); considering only 
stationary case, it is easy to see that (11) may be 


aced by the weaker assumption that 


Via V(z’)! SX(z)\z—2z’ 2 0sa<l (26 


the positive functioa of » \(z) is such as: 


EU yLy@y|i-«). 27 


39 


EI d[ At *(t)] a)e i 28 
If \(r) is bounded by: 
A(z) SA Bx 


when A, 2, 8 are any positive numbers, (28) is always 
satisfied. 

If a=1, reasonings have to be slightly modified, 
but it is readily seen that weaker assumptions like 
the preceding one may be accepted 

But it would be useful to have assumptions such 
that 1 may have some discontinuities 


Los ANGELES, December 18, 1951 
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Solubility of Carbon in 18-Percent-Chromium-10-Percent- 
Nickel Austenite 


Samuel J. Rosenberg and Carolyn R. Irish 


A series of high-purity iron-chromium-nickel alloys, made to a base analysis of 18 per- 
cent of chromium and 10 percent of nickel, and with carbon ranging from 0.007 to 0.30 


percent, was melted and solidified in vacuum. The presence or absence of carbides in these 
alloys after various mechanical and thermal treatments was determined by metallographic 
examination. The practical limit of solubility varied from less than 0.007 percent of carbon 


at 1,300° F to slightly more than 0.077 percent at 1,975° F, the highest temperature studied 
The presence of ferrite and/or sigma as stable phases in many of the allovs was 
established 


1. Introduction appears logical to presume that the low-carbon steels 
may be annealed at lower temperatures than the - 


The austenitic stainless steels of AISI types 302 | higher carbon varieties. In the absence of definite me 
and 304 are essentially alloys of iron with 18 percent | knowledge of the carbon solubility, however, anneal- 
of chromium and about 10 percent of nickel, contain- | ing temperatures must be kept quite high. It would eal 


ing relatively small amounts of carbon. Although the | seem that a determination of these limits would be of 1) 
higher carbon content of the type 302 steel results in | considerable practical as well as theoretical interest hei 
somewhat higher strength than is obtained in its Despite the large amount of experimental work on Ea 
lower carbon counterpart, type 304, it has long been | the austenitic stainless steels reported in the litera- hes 
recognized that this higher carbon has been the cause | ture, there does not appear to have been much study fur 
of lowered corrosion resistance, particularly of the | devoted to the determination of the limit of solu- ory 
intergranular variety. These steels become suscep- | bility of carbon in chromium-nickel austenite. Aborn me 
tible to intergranular corrosion if exposed to tempera- | and Bain [1]! note that such a determination could n 
tures that cause the precipitation of chromium car- | be made only with considerable difficulty and express en 
bides. The use of type 304 stainless steel, with its | a well-founded doubt that it is possible to determine low 
0.08 percent maximum of carbon, was based upon the | the solubility of chromium carbide at temperatures ten 
premise that the lowered carbon content would | below about 1,000° F. They present the results of des 
render the steel more resistant to intergranular corro- | their experimental work in the form of a curve and leas 
sion, and this point of view has been emphasized by | state that this curve represents the solubility of car- " 
the recent development of the type 304 ELC steels, | bon in 18-percent-chromium-—8-percent-nickel alloy fos 
with carbon held to a maximum limit of 0.030 | although no analyses are given. Curves are also the 
percent. shown by Krivobok and Grossmann [2], giving the 0.0; 
Even these extra low carbon steels, however, pre- | solubility of carbon in 18-percent-chromium-—s-per- of « 
cipitate carbides under certain conditions of time and | cent-nickel and in 18-percent-chromium-—i2-percent- was 
temperature. Although such steels are definitely less | nickel austenite, and by Green [3], giving the solu- ical 
susceptible to intergranular corrosion than the | bility of carbon in 18-percent-chromium-9-percent- FR yo, 
regular type 304, it is apparent that complete im- | nickel austenite. Values taken from the curves of JJ \|) 
munity to intergranular corrosion of unstabilized | these investigators are given in table 1. Sand 
austenitic stainless steels can be achieved only when nm 


the carl ‘ontent is less tl the limit of solid Taesie 1. Solubility of carbon in chromium-nickel austenite 
1 carbon content 18 less man 1¢ Imit OF Sole according to various investigators of 


solubility. It is now generally believed that the 
limit of solid solubility of carbon is less than the 


Percentage of carbon soluble in austenite 
value of 0.02 percent usually assumed. 


The austenitic stainless steels are annealed with the | lemperature memens-| heseus-| thewere-| eee 
object of obtaining a completely austenitic structure | eee, | toe, | eae, | Se 
with all carbon in solid ition To attain this end, | ee ee 
annealing temperatures used in commercial practice | F 
are quite high, usually about 1,950 to 2,000° F. iene as 
Although such high annealing temperatures are | 1 an 045 : : 
effective in causing the solution of precipitated car- yoo - *'e ~' ae 
bides, the use of lower annealing temperatures with aan . Ma = a. 
smaller resulting grain size is considered desirable | 2000 23 ms 4 25 
from the viewpoint of resistance to intergranular | = 33% a ~ - 
embrittlement. As the temperature of complete | 
solution of ca rbides is a function of ca rbon content, it Figures in brackets indicate the literature references at the end of this pay 
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2. Materials and Methods of Study 


he materials used in this study were all high- 
tv iron-nickel-chromium alloys prepared in the 
ratory. The raw materials were electrolytic 
electrolytic chromium, and Mond nickel with 
following analyses 


( M I Ss Ss ( N I Cu 
0. 004 0. 002 0. 004 0. 002.0. O02 
ool ool 4 ol oo 
02 oor mg Os ol 


\ll melts were prepared in slip-cast high-purity 
vilia crucibles. The crucibles were approxi- 
itely 1% in. in diameter by 8 in. long, and a new 
icible was used for each melt. The charges were 
culated on the basis of 18 percent of chromium, 
percent of nickel, and 72 percent of iron, carbon 
being added in the form of high-purity graphite 
Each charge weighed approximately 900 g. All 
heats were melted in vacuum in a small induction 
rnace; each melt was allowed to solidify in the 
ible. It was attempted to maintain the molten 
etal under vacuum for a period of several hours 
n an effort to remove gases, but trouble was exper- 
enced because of the vaporization of chromium at 
ow pressures. Because of this the chromium con- 
ents of the alloys were appreciably lower than the 
esired amount, and the ingots invariably weighed 
ess than the charges. 

The ingots were subsequently heated to 2,100° F 
for forging into rods of about 0.6-in. diameter, and 
the forged rods were cleaned by machining about 
).030 in. from the diameter. About 1 in. of the end 
of each rod corresponding to the bottom of the ingot 
vas discarded, and the next inch was used for chem- 

al and gas analyses. Millings for chemical analysis 
taken from the cross section of this length. 
\ll carbon determinations were made in duplicate, 
ind the values reported are believed to be accurate 
to + 0.002 percent in the lower ranges. The results 
of the analyses are given in table 2 


were 


E 2 percentage by 


2 Chemical compositions of the alloys 
we ight 

Mn P s Ss ( N Os Ne He 

0. OO7 ool 0001 0.008 oOo 1 012) O=O88 0.002 Oo. 00038 
O12 ol ool O08 004 16.80 10.30 003 ool 0006 
ols ol ool O08 ws 18. 8h ow 003 oo2 ooo4 
O16 O42 oo2 (21 om 17.46 10.01 023 oo9 ooo! 
035 ol ool oo ool 18.25 10.11 ool 002" ooo! 
O77 ol ool OOS OOS 16.40 10.34 ool ool ooo! 
115 ol ool O08 O2 17.08 10.31 ool Oo] ooo! 
129 Ol ool oo 006 #17.88 10.05 ool ool Nil 
134 ol ool OOS OO7' 16.67 10.38 ool ool Do 
+“ ol Oot 008 OO1L 17.39 10.37 ool 0068 Ooo! 
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Alloy 2 proved to be high in both manganese and 
oxygen, and alloy 3 was high in oxygen. These im- 
purities apparently had no effect upon the carbon 
solubility as determined in this study, nor did the 
variation in chromium from a low of 16.40 percent 
to a high of 18.26 percent 

The forged rods were annealed hr at 1,975° F, 
water-quenched) and cleaned by grinding. A 
tion of each rod was reduced about 40 to 50 percent 
in area by cold-rolling for the purpose of facilitating 
the precipitation of carbides during subsequent 
heat treatments. Samples of both the annealed 
and the annealed and cold-worked alloys were subse- 
quently subjected to a temperature of 800° F for 6 
weeks to precipitate carbides. Individual samples 
were then treated at various higher temperatures 
for the purpose of dissolving in the austenite all car- 
bides in excess of the solubility limit. The schedule 


of temperature and time is shown in table 3. 
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Considerable thought was given to a satisfactory 
method of determining the limit of carbide solu- 
bility. Many methods that might give quantitative 
values were tried, but all proved unsatisfactory 
Among the methods tried and abandoned were the 
following: 

1. Measurement of permeability. Two 
samples of the same steel containing 0.07 percent of 
carbon were studied. Both samples were quenched 
from 1,975° F, and one was subsequently heated 2 
hr at 1,200° F. Microscopic examination showed 
that the annealed sample had a completely austenitic 
structure, and that the sample heated at 1,200° F 
had an abundance of precipitated carbides. The 
magnetic permeability of both samples was about 
the same within the limit of experimental error 

2. Measurement of lattice parameter. It is known 
that the lattice parameter of austenite is a function 
of carbon content, and an attempt was made to 
measure the lattice parameters of the two samples 
mentioned above, which obviously contained differ- 


magne tic 


ent amounts of dissolved carbon. Because of the 
small amounts of carbon involved, however, the 
difference in lattice parameter was less than the 


accuracy of measurement 
3. Measurement of \easure- 
ment of the electric resistivity of the two samples 
showed differences so small that they were within 
the limit of experimental error 

4. Measurement of electrolytic-solution pote ntial 
The measurement of electrolytic-solution potential 


ele ctriec resistivity 















has been advocated as a very sensitive method of 
determining the boundary between a homogeneous 
field (in this case, austenite) and a heterogeneous 
field (in this case, austenite plus carbide). An ex- 
haustive series of measurements of the electrolytic- 
solution potential of the two samples mentioned 
above was made. The results obtained were entirely 
too erratic to be used as a basis for determining the 
limits of carbon solubility. 

5. Detection of chromium carbides by X-rays. 
Several samples of this same steel were annealed and 
then held at various temperatures to precipitate 
carbides. X-ray examination of these samples 
showed positive evidence of carbides in the samples 
heid at the lower temperatures. Carbides could not 
be identified positively, however, in samples that 
had been held at the higher temperatures (where the 
amount of precipitated carbides naturally was small), 
even though these precipitated carbides definitely 
could be seen under the microscope. 

6. Determination of chromium carbide by chemical 
analysis. It would seem that the amount of soluble 
carbon (that is, the carbon dissolved in the austenite) 
and insoluble carbon (the carbon precipitated as 
carbides) could be separated by chemical analysis. 
Circumstances did not permit an exploration of this 
experimental technique. 

Following the failure of the above methods, the 
presence or absence of carbides in the various alloys 
was determined by metallographic examination only. 
Although the determination of the presence of pre- 
cipitated carbides offered no difficulty when moderate 
or large amounts were present, this examination 
became increasingly difficult and uncertain as the 
amounts of carbides approached the temperatures at 
which complete solution took place. Moreover, the 
determination of whether or not carbides were 
present was frequently complicated by the presence 
of other phases, such as ferrite and sigma. Although 
not directly connected with the main theme of study, 
it was necessary to investigate the presence of ferrite 
and sigma in many of the specimens. 

As a matter of interest, hardness measurements 
(Rockwell “C” and “B”) were made on all samples. 
The data obtained could not be correlated with the 
solution of the carbides 


3. Results and Discussion 


A major problem that arose early in the metallo- 
graphic examination of the samples was the need for 
a positive method of differentiation between carbides, 
sigma, and ferrite. In many of the specimens the 
structures were such that a carbide etch (10-percent- 
sodium cyanide, used electrolytically, was adopted 
as a standard etch for carbides) revealed a structure 
that could not be definitely evaluated, and many 
other etchants were tried in an effort to accomplish 
this. In several instances metallographic examina- 
tion was supplemented by X-ray examination. 

It soon became apparent that definite identifica- 
tion of all the constituents in all the samples would 
increase the scope of study far beyond the limits 
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originally contemplated, namely, the determinatic 


of the limits of carbide solubility. Even though 
certain amount of study was, of necessity, devot, 
to the identification of other constituents, the wo 
was mainly restricted to the determination of t! 
presence or absence of carbides. These carbides 
were shown, by X-ray examination, to have para 
eter measurements corresponding to those reported 
for CrosCg. 

The microstructures of the 10 alloys studied, as 
forged and then annealed at 1,975° F, are shown in 
figure 1. At this temperature the carbon was 
solution in all the alloys containing less than 0.115 
percent of carbon. Undissolved carbides were 
present in this alloy (fig. 1, G) and appeared in 
increasingly larger amounts as the carbon content 
increased As might be expected, the lower carbon 
alloys contained delta ferrite. At 1,975° F, this 
constituent was present in large amounts in the very 
low carbon alloys and could be detected in all alloys 
containing up to and including 0.077 percent of 
carbon (fig. 1, F). 


Whether or not the alloys were cold-worked after 
annealing at 1,975° F and prior to holding at the 
precipitation temperature of 800° F appeared to 
have no material effect upon the temperature at 
which complete solution of carbides took place. 
However, this intermediate treatment (cold-working 
after annealing) greatly facilitated the precipitation 
of carbides at 800° F. Samples of the lower carbon 
allovs (less than about 0.02% of carbon), when held 
at 800° F for 6 weeks, usually showed but very little, 
if any, carbide precipitation unless cold-working had 
followed annealing, which indicated that 6 weeks at 
800° F was not sufficiently long to secure equilibrium 
in the annealed alloys. As the solution tempera- 
tures were raised, precipitated carbides appeared in 
the lower carbon alloys which had previously been 
annealed only. 

It was noted that this intermediate treatment 
frequently affected the presence of delta ferrite and 
sigma, particularly the latter, it being conducive to 
the formation of sigma phase. Sigma was found in 
large amounts in the lower carbon alloys, particularly 
in those samples that had been held in the range 
1,000° to 1,300° F and frequently at higher tem- 
peratures. Its presence in some of the samples was 
confirmed by etching with modified Murakami’s 
reagent (30 g¢ of KCN, 30 ¢ of KOH, and 60 ml of 
H,O), which is reported to attack sigma only [4] 
and by X-ray examination. The accelerating effect 
of cold-work upon the formation of sigma may be 
observed from the relatively large amounts of sigma 
shown in figure 2, A and C, as compared with traces 
shown in figure 2, Band D. This important effect 
of cold-work upon the formation of sigma was shown 
by Jette and Foote for iron-chromium alloys [5| 
The sodium cyanide etchant used for these samples 
reveals sigma and ferrite as well as carbides. The 
latter are evident in figure 2, A and C, as fine dots 
alined on the numerous slip planes resulting from 
the previous cold-working. The sigma phase is 
evidenced by the heavy black particles, sometimes 
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Fiaure 2 


Photomicrographs illustrating the accelerating effect of cold-working on the 


alloy 3, 0.00 


formation of sigma 


perce nt of carbon). 


sled and cold-worked; B and 1), originally anneak 


electrolytically 2 minutes in a 10-percent 


ginally anne 


Pugh and Nisbet. The work of Rees, Burns, and 
Cook [9] indicates that some sigma should be formed 
in this alloy. The iron-chromium-nickel phase dia- 
gram at 1,200° F, proposed by Thielsch [10] on the 
basis of the work of several investigators, indicates 
that the 18-percent-chromium-10-percent-nickel al- 
loys should consist of gamma (austenite) and sigma 
at this temperature level. In high-purity alloys 
containing very small amounts of carbon, the pres- 
ence of both sigma and ferrite in the range 1,000° to 
1,300° F was quite definitely established in the 
preseat investigation in the alloys that had oot been 
subjected to cold-working. It should be noted, how- 
ever, that no ferrite was observed in the cold-worked 
low carbon alloys after 6 weeks at 1,200° F. As is 
shown in figure 3, the ferrite that was present in 
the alloys that had not been cold-worked partially 
traasformed to sigma, and it is possible that the 
ferrite observed would have transformed completely 
to sigma had the time of exposure at 1,200° F been 
sufficient to attain equilibrium at that temperature. 


d 


4 and B, after holding at 1,000° F: C and D, after holding at 1,900° F. Etched 
aqueous solution of sodium cyanice « 500 
The fact that the cold-worked alloys, solution- 


treated at 1,200° F, contained no ferrite lends some 
credence to this belief, since the intermediate cold- 
working assists in the attainment of structural 
equilibrium. 

Figure 4 shows the progressive changes that took 
place during solution heating of alloy 15 (0.035% of 
carbon). The structure resulting after annealing, 
cold-working, and then holding at 800° F to pre- 
cipitate carbides is shown in figure 4, A, and consists 
of ferrite and carbides (and austenite). Reheating 
at 900° F (fig. 4, B) caused no appreciable change 
but reheating at 1,000° F (fig. 4, C) caused the for- 
mation of sigma and the virtual disappearance of 
ferrite. After holding at 1,100° F (fig. 4, D) con- 
siderable sigma was evident, and this constituent 
persisted up to 1,600° F (fig. 4, I). Carbides were 
still evident at this temperature, and ferrite also 
was present. At 1,700° F (fig. 4, J) the structure 
consisted essentially of austenite and ferrite, although 
careful metallographic examination revealed occa- 
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ional minute traces of carbides At 1,800° and fig. 5, H) traces of ferrite were evident, and sigma 
900° F (fig. 4, K and L) ferrite was the only was present in but small amounts; at 1,600° F 
xcess phase. fig. 5, 1) its presence was doubtful, ferrite was 


Figure 5 shows the changes that took place in 
this same alloy but without the intermediate cold- 
The structure resulting after annealing 
F is shown in figure 5, A, 
ind consisted of ferrite and some slight traces of 
precipitated carbides in a matrix of austenite. As 
mentioned previously, the holding period of 6 weeks 
Vas not sufficiently long to precipitate all 
carbides at 800 F: however, carbides were readily 
precipitated at 900° F (fig. 5, B). At 1,000° F 
fig. 5, C) sigma began to form in the ferrite areas, 
ind essentially the same structure of carbides, fer- 

sigma, and austenite existed at 1,100° F (fig 

D At 1,200° F (fig 5, E) the structure consisted 

iustenite and carbides with traces of sigma. The 

rbides began to show evidence of coalescing at 


The 


vorking 
and then holding at 800 


excess 


‘00° F (fig. 5, F); sigma was also present 
otomicrograph of the sample held at 1,400° F 


5, G) shows evidence of further agglomeration 
carbides with sigma still persisting. At 1,500° F 
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present in small amounts and most of the carbides 
had been dissolved. At 1,700° F (fig. 5, J), the 
structure consisted of small amounts of ferrite and 
doubtful traces of carbides; apparently solution of 
carbides was essentially complete at this tempera- 
ture. At 1,800° and 1,900° F (fig. 5, K and L) the 
structure consisted of ferrite and austenite 

The limit of solubility of carbides in the high-pur- 
allovs 


itv. 18-percent-chromium-—10-percent-nickel 
studied, without regard to other constituents, is 
shown in figure 6. Two curves are shown. The 


lower curve (solid 
the solution 
substantially the 
above which only occasional minute traces of car- 


is presented as representative of 


temperatures at which of carbides is 


complete, that is, temperatures 
bides remain. The upper curve (dashed) represents 
the temperatures at which all carbides have been 
dissolved These the 
basis of careful metallographic examination of all 


curves were established on 
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Ficure 4 Vicrostructure of alloy 145 (0.0 35 percent of carbon), cold-worked se es, alter treatment at the following lemperatures 
4. s00° F: B, Goo? PF: ¢ ooo? F: D, 1.100° F: F mo? F: F. 1.200° F- G. 1.400° F: HL, 1.500° PF: L, 1,e00° F: J, 1,700° F; K, 1,809° F; L, 1,900° F 
All etched electrolyt 21 ite ! » 1)-percent aqueous solution f sedjum cyanid x 500 
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bility of carbon in high-purity 18-perce nt-chromium 10-per- 
cent-nickel-iron alloys. 


Dashed line indicates tem- 


@. Carbides 


Solid line indicates limit of substantial solubility 
peratures at which last minute traces of carbides are dissolved 


. slight traces of carbides; X, no carbides 


the samples involved. At 1,900° F, the highest 
solution temperature used (observations obtained 
from the samples annealed at 1,975° F are also 
included in fig. 6), carbides were present in all alloys 
containing 0.077 present of carbon and over. At 
1,300° F and below, the solubility of carbon in the 
base alloy was less than 0.007 percent, the lowest 
carbon content in the series. Minute traces of car- 
bides could be observed in this low-carbon alloy at 
temperatures as high as 1,600° F. It is apparent 
that the solubility of carbon in the temperature range 
considered damaging from the viewpoint of sensi- 
tization (1,000° to 1,200° F) must be very low 
certainly less than 0.007 percent. 

Insofar as annealing to effect solution of carbides 
is concerned, it would seem that the type 304ELC 
steels (0.03% of carbon maximum) could be annealed 
at temperatures as low as 1,700° F, but that type 
304 stainless (0.08% of carbon maximum) should 
be annealed at temperatures in excess of 1,900° F. 
For type 302 stainless (0.08 to 0.20% of carbon), 
the annealing temperatures apparently should be 
well over 2,000° F if effective solution of carbides is 
desired. 


4. Summary 


high-purity iron- 


A metallographic study of 
percent of 


chromium-nickel alloys containing 18 
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chromium, 10 percent of nickel, and varying amount 


of carbon showed that with a carbon content , 
0.007 percent (the lowest carbon content studied 
solubility of carbides was substantially complet 
between 1,300° and 1,400° F. Complete solutio 
of the last minute traces of carbides, however, wa 
not effected until 1,700° F. The soiubility increase. 
as the temperature increased, and at the maximu: 
temperature studied (1,975° F), the solubility o 
carbon was approximately 0.08 percent. The curvy, 
developed shows that the solubility of chromiun 
carbide in 18-percent-chromium—10-percent-nick« 
austenite is appreciably lower than has been reporte: 
previously. 

On the basis of the solubility curve developed, j 
is believed that type 304ELC stainless steel can by 
effectively annealed at 1,700° F but that type 304 
stainless should be annealed at temperatures in 
excess of 1,900° F. 


The existence of sigma as a stable phase in the 


low-carbon alloys, particularly in the range of about 
1,000° to 1,300° F, was established. 


The authors are indebted to J. H. Darr for modi- 
fication of the vacuum melting furnace and assistance 
in melting some of the heats, to J. D. Grimsley for 
assistance in the metallographic work, to J. L. Hague 
and C. H. Corliss for chemical and spectrochemical! 
analyses, respectively, and to H. C. Vacher and R 
Liss for X-ray identification of the phases present in 
many of the alloys. The work reported herein was 
sponsored by the Bureau of Aeronautics, Department 


of the Navy. 
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Uniformly Best Constant Risk and Minimax 
Point Estimates' 


Raymond P. Peterson 


In this paper several types of point estimates are compared on the bases of their corre- 
sponding expected risk. It is shown that constant risk minimax estimates (which are alwavs 


uniformly best constant risk estimates) exist 
occurring types of parameters and general 
minimax estimates 


1. Introduction 
Let u 2 de note nm (not necessarily independ- 


observed values of a random variable & which 
distributed over a space S according to a distribu- 


m P(x, 0, . » 9s) It is assumed that P:(z, 
6.) 1s completely specified except for the 
inknown parameters 6,, é,. These param- 


ers may be represented by a point @= (4, 
in the s-dimensional Euclidean parameter space 
Also Y= (2, . . ., 2) is a point in the n-dimen- 
sional Euclidean sample space, ./. We shall assume 
that Pe(r, @) is absolutely continuous, that is, & 
possesses an integrable es density function 
r, 6). Let pCXY, 0)=p(n, . Sn, 8) denote the 
joint probability density function of the observa- 
tions at YeM!. 
A statistical point estimate of a parameter @,. 
hich ranges over a subset w, of one-dimensional 
Euclidean space, is a function /,.Y) of the sample 
values that takes on values in Let WIf,CX), 6] 
be a nonnegative measurable function defined for all 
Y), é] is a weight function that 
epresents the relative seriousness of taking /,;(.Y) 


is 


The function 


r,.(@) Wf A ,o| p NX A)dX 


JM 


epresents the risk or expected loss incurred by using 
Y) to estimate @, when @ is the true parameter 

point. Thus r,,(@) is defined as the risk function of 
A The expected risk of f,(.X), relative to an a 
ori distribution (0) of @ is given by 


[ l, W (F(X), 0] p(X, dX dd (8) 


We can now define the following classes of point 
stimates in terms of (0) and PR, (X) 

1) A minimaz estimate of @,isone which minimizes 
ip Ty,(0). 


Most of the work in this paper was done while the author was a Research 
w at thee Ins eitute for Numerical Analysis, National Bureau of Standards, 
ersity of California at Los Angeles, and was sup orted ae Se 


Naval Re a Author’s present address University of Washington 





under certain conditions, for several frequently 
methods are obtained for constructing these 


(2) A constant risk (CR) estimate f of 6 
such that 7,.(@) is constant 


Is one 


(3) A Bayes estimate of 6,, relative to an a pi Hori 
distribution X(@), is one that minimizes P, (X) 

(4) A uniformly best (UB) estimate of 6; is one 
that minimizes #, (d) for all possible a priori dis- 
tributions \(@). 

(5) A uniformly best constant risk (UBCR) estimate 
of 6; is one that is a UB-estimate among all CR- 
estimates. 

(6) A constant risk minimar (CRM) estimate is 
an estimate that is both a CR and a minimax 
estimate. 

It is evident that a UB-estimate preferable to 
any other, provided that one can be obtained. We 
will show that in several important cases it is reason- 
able to restrict our choice to CRM-estimates, since 
they possess certain desirable properties and, in most 
cases, are relatively easy to obtain. The concepts 
of a risk function, expected risk, and minimax 
estimates used here are due to Wald [5 to 8] 

Let 


go, (X W Lf, CX), 0] pCX, 0) de | 


Theorem 1.1 Let £ (X) be a CR estimate of @ and 
SU p pose that for any other estimate f,(.X) there exists 


a probability measure \(@) over Q such that 
r,.(0) dX (0) < rs (0)d\X (0 2) 
Then £,(.X) is a minimas estimate 
Proof. Let f,(X) be any other estimate and let 
X(@) be a probability measure such that (2) is satis- 
fied. Then 


le ar 6)| dX 4 


sup r7,(@ 


ir, (0)—rz, (0)| dX (0) <0 


Therefore 


where r,,.(@)=c (e a constant) 


c sup ry, 6 


” 


sup r7,(9), 


and the theorem follows 


Corollary Bas 


Any CR-estimate which is a Bayes 
estimate relative to some probability measure d'(0 x 


aminimagr estimate 
Proof. This 

theorem 1.1 
Theore Mi 


minimagsr estimate 


corollary follows immediately from 
1.2 Any CR-estimate £,.X 
sal Re "Re shimate 

Proof Let £,CX be any 


Then 


that is a 


other CR-estimate 
Rs (x i. Oh 
sup rs fa 


sup 0 ) 


where A(@ Is any 


ovel 32 


probability measure 


r- (4 ‘ / “7 ( ( 

Is VY) isa UBCR-estimate 
Theorem ] » 

minimizes @ B 4 


of the 


and ¢ constants 
Sup pose that a C'R-est mate } > 4 
for all Ne V/ and that at least one 
follou nd conditions A 


\ {2 is com pact 


B) r,.(0) 


and (B) is satistied 


and @,(X) are uniformly cor 


VJ and 42. respectively Then h(X ¢ hoth an 
and a lUBCR-estimate of @ 


erdent over 


nemagd 


Proof. Let f,(X) be any other estimate of 6 
Then 
7 .(.\ o,.(.V 0 4 
for all NeM Let MV, and Q, be compact subsets 
of positive measure of M and &, respectively, such 
that 
V/ V/ q=1,3 
2 82 j 1,2 
and 


lim M/ V, 


Since W7/,CX),6] is nonnegative and measurable, it 
follows from Fubini’s Theorem (see 


or |4]) that 


for example, {1 


Jf. WILK) O1pX,adedX 
J M.S 


. . 


g WI f¢X ,O| p NX @dXdea ' 


for all 7 and q By hypothesis, 


where ¢ Is a constant 


Suppose first that condition (A) is satisfied; that 


Then from (4 


is, 2 is compact 
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Wi £0N).8@ p NX @dedX 

Mu. 

[ ( HW / X O| p X6 dXdée 
J M 


Since {is compact 


ra i@ clda- [ sup “ || dé 


Sut, it follows from (3) that ‘the first integral i 
5) is nonnegative and therefore 
sup rt f) > ¢ H 


Now suppose that @ is not 
B) is satisfied From (3 


but condition 
it is seen that either 


compa { 


o7 (XN) —o,(X)=0 7 


for all Ne MV/ or 


over some set M’ in M, where M’ has finite positivi 
measure m’ 
holds Let \V/ 


Then, from (3 


First, consider the.case where (7a 
always be taken so that MW’<M 
4), and (7a), it follows that 


. 


lim ff (WLFCX),6]— WL A(X), 6) NX, dod X 
V 


p N Ad0dNX 


Let W.—W WH, (X),e|— W [ f, CX), 6] 


Since, by 
hypothesis, 


(W.—W |p(X,a dx 
Vl 


is uniformly convergent over .\/, there exists a ¢ 


, 
such that 
(Wo — WwW |piv,aax 
JM 
~ 
iW MW |p NX AdX < =» q 2 Yo 
J M 2 


Also since, by hypothesis, 


(im 
V3 


WW |p X 6) d@ 








ene 














iniformly convergent over @, there exists a j 
h that 
| [W.—WipX,ode 
«J * Q 
— , € li 
1 if |p \6 dé : >J } 
all 
wre m,, is the measure of the set \/ Then, from 
a) and (9) it follows that 
W,—W, | px ,@dXde 
JM 
4 
i ; , 


> 4 Add A\ 


fa | {W.—Wilp 


l, ty W | pLY ade am, | ; 


[W,—W,|pX e)dedX +a“ 
él €/it 
en > ) 
¢ therefore 
[W,—W|p.X,edXde> 10 
vi 2 
From (8) and (10) we have that 
pL ft —wieoa vasa’ 
ul 2 2 
nd thus 
{ sup ry 0 ( )+8 a ad 
-. 1] 





sup r>, ( 0, (11) Is impossible since « is arbi- 
irily small, and therefore 

sup rs (6 ( 0) 12 

The proof that (12) is true for the case in which 

7) holds is immediate Hence, since « sup rz, (8), 

Y) isa minimax estimate and by Theorem 1.2 ts also 


L BCR-estimate 


2. Classes of CR-Estimates 


classes of CR-esti- 
ot 


we shall find 
frequently 


this section 
for several 
mrameters 


In 


nates occurring types 


2.1. L-Estimates of a Location Parameter 


If p Y.@) can be expressed in the form 





51 


p J 


then @ is called a location parameter. An estimate 


H(z), 7 will be called an L-estimate of the 
location parameter @ provided 
fig T y T flag J T 14 
for any real + 
2.2. S-Estimates of a Scale Parameter 
If p Y, @) can be expressed in the form 
a p( . ; : ) a () 5 


then @ is called a scale parameter. An estimate 
(a), oa will be called an S-estimate of the 
scale parameter @ provided 
Agr pl wt (4 J u> 0 16) 
and 
AG J ) 17 
2.3. L(S)-Estimates of a Location Parameter (Scale 
Parameter Unknown) 
Suppose p , 7) 1s of the form 
I "4 I W 
@=" p 4,>0 8 
l ( Hf lal ) 
where 6, and 6 are unknown parameters. Then an 
estimate 7,(J } will be called an ZL(S)- 
estimate of the location parameter @ the seale 
parameter # unknown) provided that /,CY) is an 
L-estimate, that is, (14) is satisfied, and also 
/ ud ud / ] 7 14 


for any real u 


2.4. S(L)-Estimates of a Scale Parameter (Location 
Parameter Unknown) 


be of the form 


20) 
where @, and @ are unknown parameters. Then an 


is called an S(L)-estimate 
the location parameter 6 


estimate fo(J , 2 
of the scale parameter @ 


unknown) provided that /,(7) is an S-estimate, that 
is, f.(.Y) satisfies (16) and (17), and also 
/ J e. J T j j J 2 


for all real 
2.5. D-Estimates of the Difference Between Two 


Location Parameters 


Let p(X, Y, 


function of ay, _ 2 


6, 5) be the joint probability density 


and ¥ y where 








NX and Y are samples from two populations with 
unknown location parameters @ and @-+-4, respec- 
tively. Then pCY, Y, 6, 6) is of the form 


pls a] i 0. ¥ 0 é. <a “ 0 22) 


An estimate fCY, VY) will be called a D-estimate of 
the differen e 6 provided 


for all real uw and X 


2.6. R-Estimates of the Ratio of Two Scale Parameters 


Let p VY, Y, @, p) be of the form 


, J f= i] u 
Pp ( ’ ’ ’ ’ 9 ): 0. p () 
4 4 pa 


“ A 
f pe 


where Y and Y are samples from two populations 
with unknown scale parameters @ and p@, respec- 
tively. An estimate /LY, Y) is called an R-estimate 
of the ratio p provided 


f (ux,, » Mim, AY, , AY 

\ . 
W(s;. » Zane Wee , es 25 

ee 


for all wu, A>O 

We now show that any estimate belonging to one 
of the classes 2.1 to 2.6 is a CR-estimate provided 
that the weight function W,, is of proper form. The 
following six theorems are stated as one 

Theorems 2.1 to 2.6 Let the density function p he 
of the form give n in classes 2.1 to 2.6 and let the 
weight function W, be of the form (1) WIfLY)—84], 
2) Wile'f(X)), (3) Wher! (ACM—e@)], (4) Wier! 
f.(X)], (5) WIAX,Y)—4), (6) WipfYcy, YD). Then, 
if f, is an (1) L, (2) S, (3) LCS), (4) S(L), (5) D, 
(6) R-estimate, the risk function r,. (0) is constant 


Proof. We shall prove only theorem 2.3, as the 


others are proved in exactly the same manner 
Consider the risk function 


P P } = 
r, (0.6 w{Y ‘ | 
7 4 
7 a 7 ” 
p( r) a )ds da 26 
Let 
t - 0 ! ] 2 n 2% 


Since #,.Y) is an L(S)-estimate 


fix 6 Ay(2;, 5 * 6 
” 4 


Thus, making the transformation (27) and using 


(28) in (26), we have 
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Whit, ..., tr) pl, ...,t dt, ...dt 


which is completely independent of @ and therefor 


"sy, (#) is constant 


3. CR-Minimax Estimates 


As a direct consequence of Theorem 1.3 and Theo 
rems 2.1 to 2.6 we have the following six theorems 
which are stated as one 

Theorems 3.1 to 3.6 If at least one of condition 
A) and (B) mn Theorem 1S is satisfied and if the 
we ight function W is of the form (1)WHf NX) 0) 
(2) Wle-'fCX)], (3) Was f,CY) —@,)],(4) Wes CYX 
5) W[f CX, Y)— 4], (6) Wile YN, Y)], then any (1) L 
2) S. (3) LOS). (4) SCL). (5) D. (6) R-estimate whic 
minimizes (dy, X) las defined by formula (1)| for all X 
CY, VjyeM is a minimas (and also a iB "R estimate 
of 6 

Conversely, it has been shown by Kallianpur [3] 
that, ‘‘under mild restrictions’’, the miniman esti- 
mate in the above cases minimizes @,, and also 


belongs to the corresponding class of CR-estimates 
lor example, in case 3.3, the minimax estimate of 6, 
minimizes @¢,(X) given in Theorem 3.3 and is an 


L(S) estimate. 


4. Determination of General Classes of 
CR-Estimates 


Suppose the joint probability density function 
pX, @) is of the form 


, On(r,, 6 
(NX, O=A(n(z,, 0)... .. n(r,. 0 , 
7 v7) n It ae 


where (z;, 6) possesses the n first partial derivatives 
On(z;,6)/Ox, continuous in z,, (=—1, 2, Jn 
Let .V be an n-dimensional interval (a, <7; <6,) such 


that 


n(a,;, @) Cc 
(29 


n(b,, 0 é.. i=l], 2. , n) ) 


where the a,, 6,, ¢; and d; are constants (possibly 
infinite) which are independent of @. Let ¢(r,y) 
and ¥(@) be arbitrary functions such that the weight 
function V{¢(f:(.X), ¥(@))] is non-negative and 
measurable over the product space MXQ. Then 
we define the risk function of an estimate f,CY) of 
6, to be 


P ‘) 
r, (0 VE hi). WO] py, dX 
Ml 


I, Vie std), WO)A(n(2,, @,..., 30 


n On(sr,, 6 
n(r,, 9) TI : dz,. 
‘= or; J 

















S 





The following theorem yields a method for deter- J f 


ning general classes of CR-estimates. that is. WF 1,0) = ar ¥(9) = 8, (P(r), Wo r- 
mates that possess constant risk functions 
hee i] , 4 aol ; 
Theorem 4.1 It f(x y.(2. . 2 is uUCh and (3] becomes 
fi(n(2,,6 n(x..0 rd Gre YW(A 2] 


J j id — = 
(jv ) 35) 
a] 4 A 


the risk function 7 6) ts Constant 





Proof. Let f;.X) be any estimate satisfying (31 On the other hand, if we are estimating @'? by fLY 
a 
dl let we take ¥(@) =@'? and (31) becomes 
/ n(sr;.@), em n 5 4 J - b(2), seo 
f ( ’ ; ) 36) 
Hf lad # 


hen, from (31) and (32) we have 


In these examples, conditions (34), (35), and (36 
show the reasonableness and generality of the re- 
spective classes of CR-estimates 


et T denote the n-dimensional interval (¢;<t;<d Theorem 4.1 together with Theorem 1.3 can be 


\pplving the transformation (32) and using (29 
d (33) in (30) we have 
: 3.1 to 3.6, that is, to construct CR-minimax esti- 


4 Vic(fhitX),y # 
Vl 


used to obtain many results similar to Theorems 


mates and to throw light on their general desira- 
bility. The lower bound for R d), where /, is any 





3 On(sr;,6 ‘*R-es ate. isre see Sy ip re Ss 
, h(n(2,.8). n(x,.6)) 19 2" ao: oN R~ timate, is readily een to be rz, (0), where f, 1 
Ou a CR-minimax estimate This lower bound is 
Vi Ft t, hit t,) dt dt, =¢ ' i, 
7 R- r rz (OA)dX(0 é. 


here Cis a constant 
where ¢ is a constant 
In a recent paper, [2], Hodges and Lehmann have 
5. Examples illustrated some properties of minimax estimates 
They mention, for example, that it has not been 
\s an example to illustrate the usefulness of | possible to obtain a general comparison between 


heorem 4.1, let minimax estimates and unbiased estimates with uni- 

formly smallest variance, if such exist. We can, 

AX 6 S 4 imposing certain restrictions on the form of the 

f Qn"? * probability density function pCY,@), obtain the CR- 

minimax estimates with uniformly minimum vari- 

nd choose V / 6 In this case we choose ance and show that these estimates are unbiased 

Also, a relationship exists between CR-minimax and 

0) =r,—0, ¥(0) =0 c(f(X), w(@ f(X)—@ maximum likelihood estimates 

Then (31) becomes 6. References 
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Sensitive Mercury-Level Detecting Unit for Manometers 


W. E. Williams, Jr. 


An electronic instrument has been developed to determine the differential height of the 


two arms of a mercury manometer The 


instrument has a sensitivity 


corresponding to 


0.0005-inch height differential, and the pickup units are designed to provide this performance 


at absolute pressures up to 35,000 nounds per square inch 


Use is made of a high-frequency 


mutual-inductance micrometer, with the tops of the mercury columns serving as the reference 


surfaces 


l. Introduction 


The sensitive level-detecting unit was primarily 
developed to locate the mercury surface in an 
opaque, closed system of an 8-m manometer to be 
used in calibrating working standards for high pres- 
sure The detecting unit described here was devel- 
oped in the Electronic Instrumentation Section of 
the Bureau for inclusion in a manometer that was 
designed and is now being constructed by the Bureau's 
Mechanical Instruments Section. 

The application of the high-pressure manometer as 
an accurate primary standard will be facilitated by 


the desirable characteristics of the detector, par- 
ticularly in the precise determination of certain 
“fixed points’ usable in the calibration of piston 


gages used as working standards and other instru- 
ments. Such fixed points of pressure may include 
melting or freezing points of pure substances, equi- 
librium points in multiphase other 
phenomena. ' 

A simplified schematic diagram of the manometer, 
figure 1, shows the two pressure chambers, or ma- 
nometer cells, connected by tubing. The two manom- 
eter cells are separated by a vertical height, h, of 
approximately 8 m. The lower half of the 1's-in.- 
diameter cavity in each cell is filled with a mercury 
pool, which is part of the mercury column. The 
remainder of the cavity is filled with oil from the 
two oil lines connecting the cells with points A and 
RB. The electric pickups, or probes, are mounted in 
the oil above the surface of the mercury. The differ- 
ence in pressure between A and BP is obtained from 
calculations based upon an accurate measurement of 
distance /7. 

The height of the mercury column is determined 
in two ways The distance between visible reference 
marks on the two cells is determined by a suitable 
means. The height of the mercury surface within 
the cell in relation to the applicable reference mark 
is determined by the mercury-surface-sensing unit. 
The sensitivity of this unit (about 0.00008 in. for 
the smallest division on the meter) is ample, and it 
is expected that this unit will not be the limiting 
factor in the accuracy of the pressure measurements. 

As this manometer is for use at pressures up to 
35,000 lb/in. it is to be constructed of steel, and the 


systems, or 


W. G. Brombacher, Some problems in the precise measurement of pressure 
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usual optical methods of observing the mercury wet 
not considered practicable. A capacitive system was 
rejected because of the presence of oil, which is used 
as the pressure-transmitting fluid in the manometer. 
In addition, the low-level output of a capacitive- 
measuring system would have been masked by the 
capacitance of the long leads required in this appli- 
cation. 

After consideration of several possible methods of 
locating the mercury columns, a version of the 
mutual-inductance micrometer * was decided upon 
This instrument utilizes the variation in mutual in- 
ductance between two fixed coils to provide an 
indication of distance. The two fixed coils are 
wound on a single form in planes parallel to the face 
of the pickup assembly, or probe. One coil serving 
as the primary is excited with a current at radio 








rechnical detail { electronic micrometer, Electror 20, 172 (Ne M47 
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juency, and the resultant voltage induced in the 
ond or secondary coil provides the indication of 
tance. The mutual inductance between the two 
ls, and hence the voltage induced in the secondary, 
proportional to the distance between the coils or 


ybe face) and a conducting surface This system 
s several advantages over other systems. The 
tput of the secondary is high level and easily 


able with the long leads required with the 8-m 
anometer. The instrument-output readings are 
affected by th dielectric constant of any substance 
tween the probe face and the conducting surface 
mtact with the surface of the mercury is unneces- 
vy, thus avoiding errors due to loading or deforma- 
m of the surface 


2. Description of Instrument 


The instrument comprises two cabinets shown in 
and 3, two pickups 
The mercury-sensing 


interconnecting 
the 


and 
unit 


ires <4 


contains 


bles 





naing unit tor S-mete manome}le 





Veter box of mercury-sensing unit 





major part of the circuitry and provides meter indi- 
cation of the height of column one and the differential 
column heights. The meter box provides remote 
indication, duplicating the differential-height indica- 
tion and indication of the height of the 
mercury column. The two units are required to be 
located within 3 ft of the manometer cells, but the 
two unit-and-cell combinations may be separated by 
approximately 35 ft. Seale-factor adjustments for 
all meters are located on the front panel of the two 
units directly below thei meters The 
zero-adjust control for the differential height indica- 
tion is located on the back of the mercury-sensing- 


second 


respectiy c 


unit chassis 


3. Design Details 


\ version of the electronic micromanometet Is 


used to measure the displacement of the two mercury 


columns. A 480-ke amplitude-regulated oscillator 
is used to excite the primaries of two micrometet 
pickups. The outputs from the secondaries are 


compared with the use of a vibrating relay and the 
difference in outputs amplified. This amplified 
signal is then rectified for indication as differential 
height on a d-c¢ meter 
Full-seale meter deflection 
between the probe-to-mercury distance 


the difference 
“differential 


for 














height Is 0.002 in. on a zero-center scale meter 
In this instrument a 50-0-50 microampere meter 
was used, but the scale may be calibrated to read 
directly in inches. The direction of deflection is 
indicative of which column is the higher and the 
magnitude of deflection of the distance Figure 4 
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gives the linear range of operation of the instrument 
The graph is a plot of differential-height meter indi- 
cation against the differential height in inches for 
several values of the initial pickup-to-mercury 
distance. For any pickup-to-mercury distance from 
0 to 0.025 in., curve A is applicable. At greater 
distances the response is nonlinear and may be 
approximated by reference to the other two curves 

The individual probe-to-mercury distances (col- 
umn heights) are indicated on separate meters with 
a sensitivity of 0.3-in. full scale. As the outputs of 
the electric pickups are nonlinear for large distances, 
these heights must be obtained from a graph (fig. 5) 
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Fieure 6 Constructional details of probe 


Material: Lava A 








This height is the distance from the face of the picku 
to the surface of the mercury. 

The probe elements are two mutual-inductan 
pickups (fig. 6) ? in. in diameter, made of Lava A 
The primary, 25 turns of No. 34 copper wire wit! 


Formex insulation, is wound in the outer slot. Th 
inner slot is used for the secondary, 40 turns of N¢ 
38 Formex insulated copper wire. Formex insula 
tion was chosen because it was unaffected by th 
mereury and oil in the pressure chamber. Bar 
copper wire and solder at the terminals on the en 
of the windings were completely covered wit! 
glyptal Feed-throughs with screw terminals an 
Lucite insulation were provided to bring the signa 
out of the pressure chamber. 

The primaries of these pickups are excited in 
parallel with 0.5 amp of current at 480 ke passing 
through each probe. The mutual inductance b: 
tween the two coils, and hence the voltage induced 
in the secondary, is a function of the distance between 
the coils and the surface of the mercury. Powe 
dissipation in the pickup was held to 0.65 w to pri 
vent excessive heating of the manometer cell. 

The complete circuit schematic is given in figure 
7. A 480-ke amplitude regulated oscillator, V3, is 
used to excite the primaries of the two pickups. A 
portion of the oscillator radio-frequency (r-f) out 
put is rectified by 14 and compared with a fixed 
reference potential. The difference between this 
reference potential and the rectified oscillator out 
put is amplified by the one-stage amplifier, 177. A 
voltage-regulator tube, V9, is used as the source of 
reference potential for the amplifier. The amplifie: 
output drives a cathode follower, 12, which in turn 
controls the screen of the oscillator. Hence, any 
change in oscillator output causes a corresponding 
and correcting change in oscillator screen voltage 
That is, an increase in the oscillator output will 
cause a decrease in screen voltage, resulting in a de- 
crease of oscillator output to its original value. An 
equivalent change will result for a decrease in oscilla- 
tor output, 

Loading coil 43 is used to match the load im- 
pedance to the oscillator output. Variable in- 
ductance L4, the instrument zero set, is a center 
tapped coil, one-half of which is in series with each 
pickup primary. A powdered-iron core is adjustabl 
so that the inductance of one-half of the coil is in- 
creased at the same time the other half is decreased 
This core is adjusted for zero difference in probe 
outputs for equal column displacements. 

A portion of the r-f secondary voltage of each 
pickup is rectified by the crystal diodes D7 and D2 
The resulting d-c voltage is measured on meters V2 
and ./4, indicating the individual column heights 

The unrectified portions of the outputs of the 
pickups are applied to opposite contacts of the vibrat- 
ing relay. A 60-cycle vibrating contactor, or relay 
with mercury-wetted contacts was used to minimize 
switching noise. The relay output at the contactor 


is then a 480-ke carrier with a 60-cycle square-wav« 
modulation proportional to the difference in prob: 
This mod 


outputs, or difference in column heights. 











ited carrier is passed through a diode detector, 
resulting in a 60-cycle square wave proportional 





the difference in height of the two mercury 
lumns. This signal is amplified in a square wave 


plifier, 14, and used to drive the cathode follower. 
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17. The output from the driver transformer, 72, 
in series with the cathode of 77, is fed back to the 
relay contacts through /A wire-wound 
R14 and R15, providing synchronous rectification 
for indication on the d-c output meters, 1/7 and AZ. 
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Ri4 and R15 are wire wound and have sufficient 
inductance to serve as r-f chokes to prevent the 
180-ke signal on the relay contacts from being 
shorted to ground 

The relay used in this instrument is a type that 
opens from the first contact before it makes with 
the second, leaving the contactor open for a brief 
period during each switching cycle. While the con- 
tactor is thus open, or floating, a large spike is placed 
on the square wave. To eliminate this large signal, 
by providing a bias for the contactor arm during 
this open period, a part of the oscillator output is 
applied to the contactor through variable condenser 
C10. The value of this condenser is adjusted for 
minimum spike amplitude 

To prevent damage to meters .V@/ and M3 from 
an ovecload, when the power to the instrument is 
turned off, the power switch S/ shorts the meter at 
the same time it opens the a-c line 


4. Discussion 


Pressures in the chambers are expected to reach 
35,000 Ib/in.2, and the electric pickups were con- 
structed to withstand this pressure. In addition to 
the high pressure, the pickups must be unaffected 


by contact with the oil and mercury inside the | 
| 


chamber 

The differential distance, probe to mercury level, 
of the two columns is indicated with a sensitivity of 
0.004-in. full scale on a zero-center scale meter 
within a range of 0.025 in. Meters are also provided 











to indicate the approximate height of each colum: 


over a range of 0.3 in. The primary function of th 
instrument is to indicate the difference in height o 
the two surfaces, and the individual surface height 
are used primarily to determine when the instrument 
is within the proper operating range 

High zero stability was required, as in this appl 
cation it is impractical to check the zero except a 
extended intervals 

During the operation the instrument mechanica 
vibration of the pressure chambers from time t 
time will caftse small ripples on the surface of th 
mercury. These ripples will be visible as vibratior 
of the needles on the differential-height meters 

Another possible application to mercury micro 
manometers used to measure low pressures with high 
sensitivity is of particular interest. The readings of 
the detecting units would be a direct function of th 
pressures without the need of an auxilliary scak 
If long leads are unnecessary, the sensitivity can b 
increased to 0.0005-in. full scale, and adjustment 
provided to secure higher pressure ranges 


The instrument was developed in the Electronix 
Instrumentation Laboratory of the National Bureau 
of Standards. 

The author acknowledges the aid of M. L. Green- 
ough in the development of the circuitry, and of 
C. H. Meyers and D. P. Johnson, who designed the 
high-pressure mercury manometer. 


WaAsHINGTON, September 14, 1951 

















A Note on Bounds of Multiple Characteristic Roots 
of a Matrix 


P. Stein °* 


nm matrix, and if C, 


A is a characteristic root with m independent 


the following two results 


1) If A lies outside all but one circle (¢ 


are the circles, center a,,; and radii > Qs, 
my | 


, then m cannot be 


, and if 


s= 


characteristic vectors, Olga Taussky proved 


greater than | 


| 2) If m=n—1, then A is an inner or boundary point of at least m circles ( 
In this note the gap between these two results is closed, and it is shown that A lies in at 
least m circles C,, for all finite values of m and n, m=n 
If A=(a,;) is an nn matrix and if C; are the We require this lemma 
Lemma If X;, 2 m, are m independent 


ircles with centresa,, and radii 5} a,,, Olga Taussky 


roves these two theorems 
Theorem A. A characteristic root 
inner or boundary point of only one C 


h, which is an 
, Cannot have 





wo independent characteristic vectors correspond- 
ng tot 
Theorem B If A has a characteristic root \X of 


| independent character- 
| circles C 


nultiplicity n—1, with n 
istic vectors, the \ lies in at least n 
In this note it is proved that 

Theorem C If X is a characteristic root of A with 

<n independent characteristic vectors correspond- 
ing to it, then \ hes in at least m circles C,. 

Theorem C is a generalization of both Theorems 
\ and B and closes the gap between them. 

Theorem C contains the following generalization 
of a well-known theorem about determinants (for 
definitions and references, see, O. Taussky, A recur- 
ring theorem on determinants, Am. Math. Monthly 
56, 672 (1949)) 

Theorem Do 





Let A be a matrix that cannot be 


Q ) by the same per- 


mutation of the rows and columns, where O consists 


P 
transformed to the form ( 0 


of zeros, and P and @ are square matrices. Let 
further (a, p> a,,| for at least one value of 7. If 
s=] 
ee | 





the rank of the matrix A is n—m, where O<m<n 
then there must be at least m values of 7 for which 
the inequalities 


‘ 
a S “la 
- _— 
my 
set 
hold. 
This work was performed on a National Bureau of Standards contract witt 


University of California at Los Angeles and was sponsored (in part) by the 
fice of Naval Research 
University of Natal, Durban, South Africa 
Angeles 
©. Taussky, Bounds for characteristic 


and University of California at 


wots of matrices II, J. Research 


BS 46, 124 (1951) RP2184 
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is was pointed out by O. Taussky 


59 








vectors with components J;,, 8 om 


we may construct a set of m independent vectors 
y with components y which are linear combina- 
tions of the vectors .X; and which have the property 
that we may select components of maxima moduli 
corresponding to each Y that two such 
selected components have the same subscripts 

We may suppose m22 


We choose ¥,=X,. Le 


Let 7] J 
of maximum modulus of )} 


nm, nam, 


ho 


so) 


be a component 


Choose a, and a So 


that 
any Od 0 (]) 
and 
y; ay aX. )) 

Since yi, #0, a,#0, and so since NX, and XX, are 
linearly independent, Y, #0 Let y,. be a com- 
ponent of maximum modulus of ¥,. By (1) and (2 
Yor, —9, hence s,#s,. Further, Y, and Y, are linear 
combinations of the vectors .Y, and XY, and are 
independent. The construction is thus complete 
for two independent vectors ) If m>3. we 
choose three numbers 8,, 8), 8; so that 

BiYis, + BoYos, + Bas’ 0 

Bis, + BoYes, + Bat 0) 
and 

V3=B, Y 1+ BY2+ BoX 
Since 

Yis, Yoo, 

Yis, Yrs x) 

Yisy Yrs 

8,#0, and ¥,;#0. The argument used above may 


now be repeated to show that if Yas, 18 a component 
of maximum modulus of }%3, then 8, F 8p. 


Further, ); has the other properties required of Y 


83 8), 





This would complete the construction for three 
vectors .V 

If m>4, the other properties may be continued 
step by step till all the independent vectors Y, are 


exhausted This completes the proof of the Lemma 
Tor omplete the proof of Theorem .. viven the set of 
m independent characteristic vectors .Y,, correspond- 
ing to the characteristic root A. we construct the set 
Y. of the Lemma. Since JY, are linear combinations 
of .V,, they are also characteristic vectors correspond- 
ing to the characteristic root X 
system of equations 


Hence we have the 


» > adel \ y 


In particular we have 





2 Fs Yas = 
and so 
(Xr a 7] > > a y 


Dividing through by y 
the two sides, since y > |¥ us|, 8=—1, 2, ,nwe ge 
that A lies in the circle ¢ 

Since s;4s,, 
different circles ¢ 
theorem 


i#j, we conclude that Xd lies in 7 
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_ and taking the moduli o 


This concludes the proof of the 

















f Research of the National Bureau of Standard 


Binding Energies for Electrons of Different Types 


Charlotte E. Moore and Henry Norris Russell ' 


rhe binding energy of an electron of given type in any state of a neutral or ionized atom 
may be defined as that required to remove it along successive terms of a spectral series to 


its limit 
Levels, 


The data regarding electron configurations and limits collected in 
Volumes I and II], permit the calculation of these in a great number of cases 


Atomic Energy 


The present tables give the maximum energy resulting from the addition of an electron 


such ip 


as 


Nb 


of given type 
elements H through 


and \ 


1. Introduction 


The first extensive table of the binding energy 
th which an electron of a given type is attached 
o a neutral or ionized atom in a specified energy 
evel was given by one of us 22 years ago [1].? It is 
riking evidence of the extraordinarily rapid advance 
f spectroscopic theory and analysis during the 5 
weceding years that more than 80 percent of the 
ata now available for the same spectra were then 
cluded, and that very little change would be 
quired even in the descriptive text. A thorough 
evision of the data made in connection with the 
ompilation of Bureau Circular 467, Atomic Energy 
[2], has led as a byproduct to the tables given 


La vels 
7] low : 


2. Definition and Types of Binding Energy 


This binding energy may be defined as that re- 
juired to remove the electron under consideration 
rom the atom in the specified state without changing 
iny quantized relations except the total quantum 
number of this electron—thus passing to the limit 
of the spectral series to which the given energy level 
belongs. 

In the simplest spectra all the series have the 
same limit. The energy level L’ (in em~') correspond- 
ng to this limit is given in Circular 467 at the end 
of the table containing the levels /’ for the individual 
The binding energy (in em™') is L’—/’. In 
ectron-volts it is 0.00012395 (L’—l/’) [3]. 

In the case of a spectroscopic term with several 
omponents the smallest value of /’ should be taken, 
thus giving the maximum binding energy. 

In spectra in which terms of two multiplicities 
irise from the same “running” electron and have the 
same limit, the smallest value of /’ tabulated for 
ther of the two should be adopted for /’, for the 
same reason. 

Thus in Mgt [4] the lowest value of /’ for a 3p 
ectron is 21850 for 3p *Po, that for 3d 46403 
r 3d'D», while the limit 3s "So, in Mg 1 is 61669. 
he binding energy is therefore 39819 em~', or 4.94 
Its, for 3p, and 15266 em™ or 1.89 volts for 3d, as 
ven in table 1. 


states 


Is 
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Princeton University Observatory 
references at 


Figures in brackets indicate the literature the end of this paper 





to the ground states of singly 
and, when desirable, to one other low state 
These increase smoothlv with atomic number except for a remarkable break after 
a shell of ten d-electrons has been half filled 


| 
| 
| 


ionized atoms of the 


two in the cases of S« 


or doubly 


3. Binding Energy in Complex Spectra 


In the more complex spectra a given electron 
configuration gives rise to a number of different 
terms, most of which have three or more components; 
and the addition of a p or d electron to one of these 
terms usually produces, in the spectrum of next 
lower ionization, two triads or pentads of terms of 
different multiplicity. To reduce the tables 
reasonable bulk, only the lowest term belonging to 
a given configuration in the spectrum of higher 
ionization is included; and the tabulated binding 
energy is taken as the difference between the lowest 
component of this limit and the lowest component 
(regardless of the multiplicity) of any member of 
triads or pentads of terms arising from it. It thus 
represents the maximum value for an electron of 
the given type. The designation of each term that 
is included in the tables is given as it appears in 
Volume I or II of Circular 467 [2] 


to 


4. Cases With Two Different Limits 


In certain important however, two or 
occasionally three, electron configurations give terms 
at nearly the same level, as in the classical example 
of the group Ca 1 to Cu 1 where the lowest configu- 
ration comes sometimes from 3d"~' and in other cases 
from 3d"~? 4s. In such cases the lowest term arising 
from each of these configurations is adopted as a 
tabular limit, and the binding energies from Ca 1 to 
Cu 1 corresponding to the addition of an electron of 


table 1 


spectra, 


given type to each of them are given in 
Those with limit 3d"~' are distinguished by ‘‘A”’ at 
the head of the column, and the others by “B.”’ 
Only terms of group A appear in Kt and of type B 
in Zni. A similar situation, involving 4d and 
electrons appears from Rb1 to Cdi. A dash in the 
table indicates that no such term exists 

For doubly ionized atoms a similar situation 
rarely arises. From Cain to Cur, for example, 
the lowest level always comes from 3d" The ad- 
dition of 3d or 48 to this level gives the terms in Ca u 
to Cun thus designated in table 2, which serve as 
the limits for groups A and B from Catto Cur 

The further addition of 4s or 3d, respectively, 
gives the same term in each are spectrum—namely, 


os 





itral atoms 
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Zr 
Nb 
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asterisk refers to 
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the lowest belonging to the configuration 3d"~' 4s. 
The differences in the binding energies given for 3d 


and 4s in table 2 and for 


are therefore identical, 
rounding off the separate 


3d (B) and 48 (A) in table 1 
barring occasional effects of 
values 


5. Numerical Example 


As an example of calculation in this case, take 
[5]. Here the limit of group A is 3d‘ a°*D, in 


V ou at a level of 54361 cm™' above the ground level 


of V1, while that of group B is 3d° 4s a°F,, which 
lies higher by 2605 cm~', or at 56966. We then find 
for each added electron the configuration, term, and 


lowest level given below 


Vi 
iroup A up B 
Added 
eke - Binding Binding 
Config Term | Level ~ Config Tern Level 
nergy energy 
er 
ud sd a*Sns | 20202 iz vd* 48 @ *Doxs 2112 6.80 
ts M* 4s | a*Doy | 2112 6. 48 | 3d 45% 2 *Fing 0 7. 06 
| | | 
ip d* Ap I 4628 | os td) 4s ip) z ily 16361 { 
| 


The configuration for each case is first worked out; 
the lowest term and level for this is found by inspec- 
tion of the tables in Circular 467. The difference 
between this level and the appropriate limit, multi- 
plied by 1.2395 10~* then gives the binding energy. 

It is worth noting that, in this case, none of the 
binding energies given above corresponds to the 


principal ionization potential of the atom. This is 
given by the transition 3d° 4s? a ‘F,,, to 3d‘ a *Dy and 
involves a double electron jump. Such cases are 


rare, the only others in the present work occur in Co1, 
where the transition is from 3d’ 4s* a *F,,, to 3d° a *F,, 
and in Nit where it is from 3d° 4s" a *F, to 3d° a *Dyy 


6. Case of Scandium and Yttrium 


Theoretically, the spectra of singly ionized atoms 
from Se u to Zn u should contain many terms with 
limits in the third spectra arising from configurations 
3d"~* 4s, which should be related to those with limits 
from 3d*~* exactly as group B in the first: spectra is 
related to group A. The corresponding limits are, 
however, 80 high that scarcely any such terms have 
been observed except in scandium, and in yttrium 
in the next long period. It, therefore, appears ad- 
missible to give the data for the few known terms of 
this type separately in table 3. 

In this table the first four columns (which have 
no counterparts in tables 1 and 2) give data regarding 
the limits here involved—the “level’’ being measured 
from that in which one d electron is substituted for 
an s—-that is, the limit adopted in table 1, group B, 
for first spectra and in table 2 for second spectra. 

The remaining part of the table is arranged exactly 
as in tables 1 and 2. The entries for 3d in Ser and 
4d in Y 1 exceed those for 4s(B) and 58(B) by the 
level difference in the fourth column. The remaining 
energy levels appear only in table 3. 

















The new limiting configuration in Y 11 is the loy 
in the spectrum, and = transition from this to 


lowest level in Y 1, 24d *D, gives the princi \a| 
sage gr potential 6.53 3 welts, which does not app a 
in table 1, though it corresponds to a single jump of 


a 4d elec tg 


7. Description of the Tables 


Table 1 gives the binding energies of nS, NP, i 
nd electrons for neutral atoms of the elements H | 
Nb, and for values of n from 1 to 5, excluding thos 
belonging to complete shells. Table 2 gives similar 
data for singly ionized atoms from He to Nb u 
Full explanations of their significances, of the groups 
A and B given for first spectra, and of the way in 
which they have been calculated, are given in sec- 
tions 2 to 5. Table 3 contains certain additional val 
that need be recorded only for scandium and yttrium 
(See section 6.) 

Most of the vacant spaces in the tables correspond 
to energy levels that are so situated that the strongest 
lines corresponding to transitions involving them lie 
in the infrared or far in the ultraviolet and have not 
vet been observed. 

In a number of cases some terms belonging to th« 
electron configurations in question are known, but 
there is no doubt that the lowest level of the con- 
figuration has not yet been found (usually for th 
reason just mentioned). Here again the entry is left 
blank (or an estimated value is occasionally given ur 
brackets). 

These, and various other imstances in which 
comments are required, are discussed in the notes 
following the tables. Full discussions are also given 
of a very few cases in which it now appears that the 
electron configurations assigned in AEL should be 
changed. 

The order in which the electron types are pre- 
sented in tables 1 and 2 is that in which they form 
“complete shells’’ and enter the inner part of the 
atomic structure—as is shown by the termination 
of the vertical column for each. 

Until the given electron is involved in the produc- 
tion of such a shell, the increase of its binding energy 
with atomic number is slow, with occasional irregu- 
larities arising from the choice of the lowest level in 
each configuration rather than the mean. During 
the formation of the shell involving the given electron, 
the increase in binding energy is much faster. Th 
remarkable reversal of this increase at the point 
where a shell of d electrons is half filled may b 
tentatively explained as an effect of the reversal o/ 
the spin of the sixth added electron demanded by 
Pauli’s principle. 
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raRLe 3 Additional binding energies for Se and ¥ 


BINDING ENERGIES Nores To Tastes 1, 2, anno 3 It has been used to calculate the binding energy for 3d 


Vu terisk (*) in the tables applies to the following spectra 

: } } Ser Table 3 Racah has suggested that the configuration 
lues Intersystem combinations betweer the singlet and of z?P° should be corrected in AEL” to read 
: triplet terms have not been observed rhe relative is*(a'S)4p instead of 3d2(a'S)4p Assuming this 


positions of the two sets of terms are excellently correction, the binding energy for 4p comes from 





determined by long series, the relative uncertainty this term ; 
ond being about 2 cm 
v The terms 4,5p*P° have beer alculated from the - : - 
rest f : Cri rhe binding energy for 5p group B, is omitted because 
series formula but not confirmed by observation 
n lie ; lt the general run of values in this column indicates 
They are entered in brackets the tabl , “ 
not that the lowest known level (s®Fj) is not the 
See reference [6 Onlv one eve s known for 5p lowest in the triads to be expected, and does not, 
+] perhaps not the lowest therefore, give the maximum binding energy 
but . The general run of binding energies for the 3d electron Mntit The lowest level for 3d, group A, is not known in 
rOr indicates that the configurations of the two lowest Mn. The level c *P».¢ 51638.17 is not the lowest 
’ - ‘ . . . ’ 
th, D° terms as given in Atomic Energy Levels, I, p. 145, and has, therefore, not been used 
should be interchanged to read as follows: 
. Bri The magnitudes of the binding energies indicate that 
, , the terms from the 4d a d 5d electrons have not been 
Configuratior Designatior evel : : 
found, and that the known nd terms are from 6d 
hic! and 7d 
Oles , > > D ‘ 
8 OD OD 4 4 ¢ in c ry . 
ivel / I Rb 1-Nb1 Group A: The limit is the lowest level of the con- 
’ —— . . figuration 4d*~! in the singly ionized atom 
the ; tp(P sa 3d *D S399. 15 ete 


i? l Rb to 5(Nb 
Group B: The limit is the lowest level of the con- 
figuration 4d*-*5s in the singly ionized atom 


s change is made, the binding energy for 3d is ther n=2(Sr) to 5(Nb 











pre- ined from the level 3d 'D3 351.50, as has beer 
orm here This change should be confirmed by further pe , 
the tiene Sri The known term 4d P from this configuration is un- 
doubtedly higher than the unknown 4d?*F term 
0! The ionization potential estimated by W. Finkelnburg Consequently no entry is given in table 1 for 4d, 
and F. Stern, (Phys. Rev. 77, 303 L (1950)), from group A, 
duc the regularities in the run of the screening constants 
arvy is preferable to that given it 2, page 163 Bu No intersystem combinations connecting the singlet 
Be corresponding limit 85115 em s been used it and triplet systems of terms have been observed 
ecu calculating the binding energies Since the relative positions of the two sets of terms 
| ll The term 5s‘P should be rejected have been estimated, all entries in the table except 
ring int Group A: The limit is the lowest level of the con- |’ yo potency an uncertainty that probably 
wes : ‘ does not exceed +0.03 volt. 
ron figuration 3d in the singly ionized atom 
The In==1(K) to 11 (Cu a 
ont Group B: The limit is the lowest level of the con- Fu rhe quintet terms are not connected with the re st Dy 
figuration 3d fe im the sinsiy ionieed atom observed intersvstem combinations Since their 
yr be in—=2 (Ca) to 12 (Zn relative positions have been estimated, the tabular 
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Ti | 
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Cru 40, 619 (1950 ised for the calculation of binding 
Fe II energies 
2 ; 8 Coll 
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h Paper 


On the Estimation of an Eigenvalue by an Additive 
Functional of a Stochastic Process, With Special 
Reference to the Kac-Donsker Method ' 


R. Fortet 


‘Monte Carlo 


\ 


Fredholm determinant of certain Fredholm integral equations with positive 
and Siegert. 
is constructed from a Poisson process, for the case that I['(t,r 
yaper contains a discussion of the various errors inherent in the 


method is based on a theorem by Kac 


The 


The second part of the 


method is described for the determination of the eigenvalues and the 


kernel T 


process 


tr 
An appropriate stochastic 
depends on t—r only 


method of Donsker and Kac for the determination of the lowest eigenvalue of Schrodinger’s 


‘ quation 


l. Introduction 


and Donsker 2]? have “Nonte 
Carlo” method for estimating the smallest eigenvalue 
of a linear operator, when this operator is of a cer- 
tain type. The starting point of their method is to 
consider an additive functional of a Wiener-Levy 
process. In what follows we intend to give: 1°) a 
different method (but which also consists of con- 
sidering an additive functional of a random process) 
of estimating the smallest eigenvalues of some inte- 
gral equations with kernals of nonnegative type; 2°) 
some remarks on the Kac-Donsker method 


Kac given a 


2. Integral Equations With Positive Definite 
Kernel 


For this first part, the following theorem will be 
fundamental. J7heorem: 
cian * rf.4 defined for a <t< 6 (a and 6 finite) and the 
covariance I'(¢,r) of which is a continuous function 
of (t.r) on the domain (astsb, axrsb). Let us 
consider the rv: * 


(1) 


[xo a 


and the integral equation: 


f(j}—r I'(t,r) f(r)dr 


If D(A) is the Fredholm’s determinant of the equation 
2), the cf * o(v) of Y is equal to D(Qir)~!. 

This theorem was stated by Kac and Siegert [3,4] 
(Kac gave only some weaker results, but the generali- 
zation is obvious; we gave a proof of the general 
theorem in [5]). It is easy to give assumptions under 
which the theorem is valid if a ,or b or 

' The preparation of this paper was sponsored 
Research 

2? Figures in brackets indicate the literature references at the end of this paper 

* This is, Gaussian 

‘rf, random function; rv, random variable 

tcf, characteristic function; fr, function of repartition (i. ¢., 
tribution function). 


x @ 


in part) by the Office of Naval 


cumulative dis- 


Let X(t) be a real, Lapla- | 


| fr Gly) of Y. 


a > and b ©; also it follows from a paper by 
Kac [4] that the theorem remains valid if, instead of 


(1) and (2), we consider the rv 


h(t) X? (8) dt, h(t)>0 


and the integral equation: 


+h 


rf : 
e a vh(t)h(r) 


(t.7) 


Fit) r)dr q(t). 


But for the principle of the method, it will be suffi- 
cient to restrict ourselves to the above statement 


Principle of the method: We consider an integral equa- 
tion (2), with a continuous kernel of nonnegative typ 
r'(t,r), and we would like to estimate its smallest 
eigenvalues, and more generally its Fredholm’s deter- 
minant D(A). Now IT (t,r), being of nonnegative 
tvpe, may be considered as a covariance of a Lapla- 
cian process X(t), which is entirely determined 

[8]) by ['(t,r). We assume that some random gam: 
has been set up that implies a realization of X(t) and 
consequently, of Y, as defined by (1). We make 
independent trials, obtaining n values ¥;, Yo, - - 
y, of Y; from these y,’s, we can deduce the faliowine 


fr® G,(y): : 
G.(=- y); 
n 


and it is well known that G,(y) is an estimate of the 
Hence, we have an estimate ¢,(r) of 


ef o(v) of Y by: 


[number of those y,’s which are< 


a7 


> @ 
o, (v)= e'dG, (y) 
0 


(the integral is extended from 0 only to + © becaus 


Y is 20); but (3) is equivalent to: 
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of the rv Z(v)—e'*t’ : hence 


is the me‘ 
btain an estimate J), (A) of D(A) by the preceding 
rem, by putting 


mw Ot 


D,, (2% 4 
wever, v being real in (3 $) gives an approxi- 
on of Div only for the values of X that are 


ly imaginary; and the roots of (A), which are 
and positive, are not obtained by this procedure 
| we can operate In the two following ways 


Under the preceding assumptions, J/(A) is an 
e function of genus at most 1; hence D(A) is 
sentable by an entire series 


a a 


ine onh os 
D0) = do+7; Ik 


the a,’s are the derivatives of D(A) for \=0. 
The formula 


O\/ dD 21 
s that @(v) is indefinitely differentiable for v 
to 0 and that the a,’s can be deduced from the 
for vc=0. These derivatives are 
to 'M,, ?.Ms,, ., ¥M,, , where the VM 
the moments of Y, and .these moments may be 
mated, by some well-known statistical procedures, 
the y ’s: hence we can obtain estimates at of the 


vatives ol o(7 


and an approximate representation D),(A) of 
}) \ by 
| a; 
DO > iF. 
—. @ 
But it is well known by statisticians that, if n is not 


very large, it is difficult to obtain good estimates of 


\/, for k>8; it will be necessary, in general, to adopt 
an approximate representation of D(A) by a poly- 
nomial of the following type 
*/\\ “ a; k ' 
D*(x 2 jE nN (6) 
fai k! 
with s<8. But this seems to be sufficient in some 


For instance, in order to estimate the 2 or 3 


roots A,, Ae, As, . of DO), we can obtain 
numerically the lowest roots \y, Ny, ... of (6), 
and these X* may be considered as good approxima- 
tions for Ay, Ae, . . . 

B) We can also employ the following procedure: 
1) being an entire function of genus at most 1, 
there are two positive numbers A and p such that: 


wSCS 


iowest 


D(\)| s Aer’ 


very \ and every p’ >p; hence, the function 


. 4, 
A(s 
oe ‘ 
; s 
nathema.ical expectation; the mathematical expectation ofarv X 
ed by ). 
is a good method for obtaining € tes owest roots of a Fred 
rminant when its first coefficients are Know 





considered as a series in has a radius of convergence 


l 


p 


0, and 


A(s | ee Di\)\dx 


if # (s) >p >0; hence for every \ (and particularly 
for A real and 0), we have 


au 
Dd)=5-] eM X(a+ ip)dB 7) 
-T7, 
for any fixed real a >p; if \ is real and <0, the inte- 
gral 
d oe . 
o ( : US ) é 2 dG y SS) 


has a meaning, and, as a consequence of the pre 
ceding theorem, we have 


> 
Dr o(- ‘ ) for A real and <0 9 


Hence we can obtain, by a statistical procedure, an 
. a , 
estimate of o( —t= ) by 8), then an estimate of D(\ 


A<0) by (9), then an estimate of A(a+7i8) by (6), 
and finally an estimate of ))(\) for \>0 (or for any \ 
by (7). There are two numerical integrations 
1(6 and (7 to be performed, and this procedure does 
not seem to be of practical interest 
Realization of the game: Another difficulty lies in the 
practical realization of Y(t). This question is also 
interesting from a theoretical point of view. It may 
happen that there is an obvious procedure for this 
realization, with a sufficiently close approximation 
This happens for instance if a=0, 6>0 and if 
I(t, 7) =min(t, 7); in this case, V(t) is a Wiener-Levy 
process (with Y(0)=0, O0<t<}b) and one can see in 
|2] how it is possible to realize (approximately) X(t) .* 

In many Cases it is possible to reduce X (¢) toa 
Wiener-Levy process, as for instance if N(t) is a 
Markoff process (see [5, p. 198]); that happens if 
r(t,r)=e-* where *& is any constant. But in 
general, for a given I'(t,r), we do not know if V(t) is 
or is not a Markoff process (to date, there is no 
general theorem about this On the other hand, 
the reduetion of \(t) to a Wiener-Levy process needs 
some computation which, although easy to perform, 
may be lengthy. 

We can look for a realization of V(t) in another 
direction. First, we mention that, ‘(t) being a 
permanent process, it cannot be realized rigorously: 
we can only obtain a process \*(t) that is an approxi- 
mation of \(t Then too, the game concerns, not 


Y, but 
7) 
X *? (t) dt 

* X(t) is a Wiener-Levy process if the r, v. X(r) —X(¢) [with r>*] is independent 
{the r. v. X(u) for any s/f, and if it a Laplac ir with m. e. equal to ( 
and a standard deviation equal to y t By definition, '(¢, r) is the m. e. of the 
product X(¢ X(r X(O)( Xe N(r X(t and if X(0,=<0, OSt<a, the 
m. e. of this is equal to ¢t, that u ivy: min(f, r since r >? 








This substitution is valid only if we can prove that 
the fr of Y* is an approximation of that of Y. But, 
because this is an intuitive feature (at under 
, we shall admit it 


least 
some assumptions 

Let N(t) be a Poisson's process, homogeneous and 
with density m; let R(t,r) be an ordinary function 
defined over the domain pb : t, r< and 
such that, for every f, 


Lebesgue integral 


We put 


N*(t 


and let \ *(f be the process defined by 


| 1 fe 
lim mq / iac Rit,rdN*(r)) (10 
. a-++ | \ ie 7 | 


X*(t 


for the definition of a Poisson process, see for in- 
stance {7, p. 212]: for the precise meaning of (10), 
In what follows, we shall call such an \V*(é) 
a ‘‘ Poisson’s rf”’ 

In general \* 


sc 15 
(t) may be simply represented by: 


l 


NX *i(t >> Rit,r m Rit,r)dr ) 10)’ 


ym j 
where the r,’s are the jumps of Nit It is possible, 
from a collection of random digits, to realize correctly 
a Poisson’s process: hence it is possible to realize a 
Poisson’s rf; in fact, it is possible to think of a device 
(employing electrical noise, or emission of a- par- 
ticles, ete giving .\*(t) in a physical way. 
it has been proved (see, for instance [5]), that, if 
2, V*(t) tends toward the Laplacian process, 
of which is given by 


m—>+ oe. 
the covariance I(t, 


°*ian 


°(t.u) Rir wdu 11) 


the problem of realizing 
with 


Hence, for a given I(t,r 
approximately a Laplacian process A(t 
determine an 


co- 


variance I'(t,r) is solved if we can 
Rit.r) defined over p,, with 
R(t.r)dr +- @ for every ” 
@ 


. 


and such that (11 
the following domain pb: 
ast,rsb. 

Hence, the first step is the theoretical study of the 
existence of solutions /(t,.r) for (11); but our prac- 
tical aim will be reached only if there is a solution 
which is easy to determine numerically. We shall 
consider: first a particular case, and second, the 
general case 


with probability 1 


*mq, in quadratic mean; ac, almost certain 
these terms, see 


lac means: 
tochastic integral With probability | For definition of 


‘j 


would be satisfied, at least over 
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there funct 


that 


assume eXists a 


l',(r—t) of (r—?2) only, defined over p,, symmetric ; 
of the nonnegative type (over bp and such ¢ 
I'(t.r r,(r—t over D We shall put h T 
r.(r—f r(h); in this case, V(t) is, at least over 


interval (a, 5), a stationary and r(h 
positive definite function [see (8)]. It is suffix 
to have a solution of 


process, 


Ritu R Tu du 
over D,. It is possible that every solution R(t,r) of 
11), depends on (r—t) only, but that is not su 
But it is sufficient to look for this kind of soluti 


: ‘ 
that is to say, to look for (real) functions R(u) such § 
that 

R udu x 7 h R u R u- h 
l 


The corresponding .\*(t) will be stationary its: 

We proved in [9] that (11) has solutions only if r(/) is 
continuous [hence, r(A) is a ef] and if the 
function F(w) of r(h) is absolutely continuous, that is 


spectra 


to say admits a derivative f(w); in this case, R(x) is a 
solution of (11)’ if, and only if, 
> . ' 
Rh u v J (w) e’¥ “dw 
y27J—@ 
[Fourier-Plancherel transform] 12 


where ¥ (w) is any odd function.” We can consider 
that this result and (12) give a convenient answer to 
our problem. iH] 

(2) The general case is much more difficult, and it 
seems that the only result 1s the following theorem 
that we proved in [9]. If I'(¢,r), supposed to be 
defined over p, for instance, is continuous (as a 
function of the two variables t,7) over any bounded 
domain, there is at least one solution for (11), valid 
over D,; but we do not know any easy way to com 








pute numerically this solution, or any other solution M 
(it is easy to see that, in general, (11) has many, and = 
even infinitely many, solutions). Conclusion: The 

interest of the Monte-Carlo method under considera- : 


tion here would be that it can give simultaneously 
several eigenvalues of (2); but it seems possible to 
perform it only in the case where ['(t,7) depends on 
(r—t) only; even in this case, the method is compli- \ 
cated, but it might be interesting to try it. 


3. The Kac-Donsker Method 


Let us consider the equation: 


dy , ie 
—V (xr) V(r AV (x), 
dz’ 
In this paper, ''(¢,r) and Rit,r) are always supposed to be real, On tl 
hand, it is well known that, if r(A) is a « there is a real nondecreasing fu 
w)(—@ , with: J 0, F(+@)=1, and such that 
h etwhd F (ws 


Theorem of Bochner). 








e X is a constant: V(r) and V(r) are functions 
ed ovel ; | J Is viven and -t) 


Via ) 14 


er some general assumptions on | 13) has 
ill solutions only for some positive values \ 
\ of X (these \,’s are the eigenvalues 
we assume the \,’s ordered by increasing 


s Kae and Donsker (see |2): we adhere to the 
tion of [2 try to estimate A th il method can 
tended to d., A and also to the computa 


of the corre sponding eigenfunctions; but for the 

ission of the method, we shall restrict ourselves 

he estimation of A in the following way 

t W.(r) be the eigenfunction corresponding to 

hat is to say the nonnull solution of 13) for 
we suppose that the ¥,’s are normalized. Wy 


5 e A(t) is a Wiener-Levy process with Y(0)=0: 


we pul 
Z x: f exp . / R {) 
proved that 


: / ZA(i:t p ee V,(0 y rida 5 











ier, / A 1:7 ~/ V {) WV F ly 

em \, =lim log F(Z (1; 

be t 

ded l ‘ 
alid Mi~—; log E[Z(1;f if ¢ is large 16 
On - 

Ol We can estimate A, by (16),, but Kae and Donsker 
~— wed that, in order to avoid the use of too large 
“he ’ ies of ¢, it is better to consider two different and 
ora. ficiently large values of ¢, t; and #, and to estimate 
sly A, DN 

to . | E\Z(1;t - 

/ _ og —— f 

on t. ; hk Z l:t, ) 
pli- . 


Now, if .Y,, Vo, - are mutually inde- 
wndent rv with the same fr, each with me equal 
0 and standard deviation equal to 1, we put 


S.=X,4+Xi+ . 2. 


l aoe f @ 
L, (t | ( ) 
i 3 , yn 
VY, @=exp. [—t, (]. 17 
sible to replace (14) by Vu where inv constant 





with some other papers on Monte-Carlo n for instance by 








also [12 t seems that, in order for the method to be applicabk 
ption on V is necessary, but a weaker one that 14) ought to be sufficient 
ild be worth while to study this questior We mention that (13 
nger’s equatior 
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Kae proved | that unde reneral vssun ptions on 


| un thi froti f) tends toward the fr of 
Lit It follows that I ) f)] tends toward / Zl :t 
here 14) is essentiall; hence, we can estimate 
A by 


if w is sufficiently large Hence the procedure is the 
following: ¢,, £, n being properly chosen, we perform 
a large number m of independent realizations Y! (¢ 
)? (t ym(t and )'(¢ y(t y(t 
of ).(¢,) and Y(t and we estimate /[)),(t and 
RIV (t bv the experimental values 


For further details on the proce lure see ya 
Hence, we have to consider three errors 
A \ statistical error, arising from the fact that 

/ t and / t are not 

ELVY,(t,)| and FLY, (t)] 

B. An error caused by the fact that ATY (1 and 

)’,.(t2)] are not rigorously equal to /\Z(13 and 

Z(13t replacement of (16) bv (16)'] 

& An error caused by the fact that 16) is only 

an approximation 


rorously equal to 


h 
I 


There is a fourth error, because the random digits 
which we are ultimately obliged to use in the compu- 
tational procedure, are never perfect random digits; 
but this error seems to us very small in comparison 
to A, B,C. In fact, in all the experiments performed 
to date, of which the author is aware, the results are 
in cood agreement with a hv pothesis of pertect ran 
domness of the random digits; consequently, we shall 
not consider this error in what follows 

Discussion ao; the €TTors A, B Gs It will be con- 
venient for the discussion to take a definite example 


so we shall take V(a ! because in this case the 
X,’s and the y,’s are known; but we shall see that 
some of the conclusions may depend on J Wi 


assume f f 
C. Error C is the easiest to discuss It is not 


connected with probability theory We can readily 
estimate the proper order of magnitude for f, and ¢ 

if Va r*, d,=0,707 \, = 2,121 N 

7 — I : 

_ if 4 is about 3 or 4. and (f t about 
¥2 

1 or 2, the absolute error is about 1/200; we need 
relatively large values, as: t,—5, t;—8, to have the 


error about 1/1000 For further details, see [2] 
In what follows, we assume that f, and ¢, are definitely 
chosen 

B. We know almost nothing about error B; when 
t, and ¢, are fixed, it depends on two elements: the 
fr of the X,’s, and the value of n Let us assume 
that the .X,’s have the following fr 


Pr(X,=1 Pr(\ | 





The function \ j 
with a; 


increases relatively quickly 
and the expec ted order of magnitude of S 

which is y*, also increases; hence we can admit that, 
in (17) only the S,’s with k2nt/d, where d is some- 
thing like 3, are important; hence it will be necessary, 
inorder that B be small, that the S,’s, for k 
have a fr close to Laplace's fr. From known results, 
see [7], p. 153 it follows that we must take nt = 1000 
for a fair approximation, and nt=2000 for a good 
approximation. We do not get a precise estimate 
of the error B by this argument but we see that, in 
order to be able to take an n which is not too large, 
it is better to take for the \,’s a symmetric fr; 
because in this case there is a faster approach to 
Laplace's law. It is clearly best to take the .X;’s 
(and hence the S,’s) directly with a Laplace's law 
this is more complicated from a practical point of 
view; however it is possible to realize a Laplacian 
rv with a good approximation. In this case, it is 
possible to obtain an estimate of the error. For we 


ynis \ (k/n), and if X,(¢) is the 


> nt/3 


can suppose that S, 
rf defined by 


X(t) =X ( ~ ) for : <{ 


we have 


(= Sv fx(e )] [ VixX.(nldu 


If Vir)—2r*, we can write 
L(t)—L, (¢ LX?(u XY? (u)|du 
(Niu Y,,(u)| [|X (uw) —.X,(u)|du; 


vi 


E( Lt)—t,(t)): Ee X(u)+ X,(u)!|X(u) — X,(u)))du. 


By Schwarz’s inequality, we have 


F(X (u) + X,(u)|| X(u)—X,(u 
SyFi[X(w)+X,())?) X Bi [XW —X,w)/? 
or ®. k, 
Vues \e®) 
where k, is the largest integer such that k/n Su. 
It follows that 
t 
E( vr(O—t, (|) Ss 2/3 
vi 
Hence; 
Z(1:0) Y,(0) é I é L, é maid BP elt E,()) 
eh) -L,, ] eft L,, ( [L(t) I (t)] 0< 6< 1 
Ziit)—Y,0 [L()—L, @] -e~ b+ —o1, 
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we have 


L(t) and L,(f) being = 0, 


Hence 


Z(1;t 
E[Z(1;0)] 


vit 


An analogous result may be obtained for V(r 

with @ equals to any nonnegative number; a 
more generally for a large class of nonnegat 
functions V(r For Viz r® with l<a<) 
(see appendix) it seems more difficult to obtain 
limitation like (18 

But (18) gives an upper bound for an absolu 
error, and we need rather a bound for a relative err 
but it seems more difficult to obtain this. 

On the other hand, we are not sure that (18) is 
the least upper bound for the absolute error; abou 
this, We can say two things 

1) In (18) the orders of magnitude with respect 
to n and with respect to t seem to be the right orders 
hence the absolute error is increasing when ¢ is in 
creasing for a given fixed n. We know that, for 


error C, we have to take ¢ sufficiently large. With 
Viz)=2" the following bad feature appears, which 
will be called the feature “‘F,’’ in what follows. It 
is that 
E|Z(1;t)] leh (ty 2 )] * [see appendix (23)| 
. 


is exponentially decreasing when ¢ ©; hence the 
relative error is quickly increasing. For instance 
if we choose ¢t=5 (which is not a very large value 
we have 


E|Z(1:5)] = 0,043 


we find that we have to take 
have a relative error about 


and if we use (18), 
n=3000 in order to 
1/100. 


F, seems to be related to the fact that V(a j 
is not bounded as r+ @. 

(2) From the experiments performed to date, the 
error B seems smaller than indicated by (18); prob- 
ably, the coefficient *% in (18) may be replaced by a 
smaller one; this does not eliminate F,, but it does 
perhaps indicate that F, is not very important 
practically. 

A. We shall now discuss the probable order of 
magnitude of the error A, as a function of m; this 
order, for the relative error, is ¢/uy¥m, where u is 
the me of Y,(¢) and ¢@ its standard deviation. Wi 
know neither uw nor ¢; but (18) shows that x is close 
to E{Z(13)], if n is large (but that is necessary for 
B). It is easy to obtain an analogous inequality 
which shows that o is close to the standard deviation 
of Z(1;t); it is possible to avoid this interference of 
two unknown quantities » and ¢, with a slight 
modification of our procedure, but it seems sufficient 
for our purpose to identify « with F(Z(1;1)] and 
with the standard deviation of Z(1;f). 



































th Vo (a r, we know that p= [ch(ty2)] 
5: we have also [see 


is to say rm 0.043 for t o: 


ndix (21)] 
E(Z(1 ;5t)*|=Ele-* E(Z(2;t ch 2t 
is to Say, if 7 » 


E\Z(1 35 


0.000953 


{E(Z(1;5)|P~10-*-75.8 


have a negligible probability of a relative error 
wore than one percent, we have to take m=4.10', 
h isa very large number. The reason is that we 
ounter a second bad feature, the following feature 


We hav e 


E[Z(1;t 
E(Z(1;t)?] 


chit, 2] 


{E[Z(1;f)|P=(ch 2t (chy2t 


Henee if t is large 


in fact, for t>2 


vhich tends toward+ when ¢ 
\nother aspect of the same fact is the following: 
ore generally, we take V(a z*, with a@ l 
see appendix); let G(t;a) and G(a) be the fr’s of 
and L(1); we can write 


E[(Z(1;t a 


td Git: a). 


But, if v= #][L(1)] and if 6 is the standard deviation 
of u (1), we can deduce from a remark in the appen- 
and an integration by parts, that 


G(—- 


0 


)+ [ G(B)e~*da. 


E\Z(1:t 


With a being any fixed positive number, we put: 


A(a:t G(B)e~*da 


4 G(B)e “dase “s 2 
sat - 


Bia:t 


G( anes ) + A(a;t)+ Bla;t). 
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We known by [2] that 
E(Z(1;6)|=« 
where €,—>0 if f Hence, if a>0. we have 
a a 
fim log fi ( )4 Ala:t 
P 4 f 0 
and this is valid for any a>0;—G(—v/6) + Ala; t 
is depending only on the values of G(u) for: —v/é: 
us—vi/b+a Hence \, is a local characteristic of 


G(a), in the neighborhood (and to the right) of the 
value a v/6; hence a estimation of \, is 
equivalent 1s a good /ocal statistical estimation of 
G(a) |ymplying, for instance, a good estimation of 
several derivatives of G(a) for a r/6}. It 1s 
obvious and well known that such an estimation is 
very difficult 

But this conclusion may become wrong if a 30; 
that is to say, if a<0, the feature F, may disappear. 

Conclusion: We can conclude that the Kace- 
Donsker method gives an asymptotic estimation of 
\,; that is to say that we must take ¢ sufficiently 
large [we saw that values like 4 or 5 are scarcely 
sufficient]; but when ¢ is large, features F; and F; 
imply that n and m have to be very large. The 
computation will therefore be a lengthy one if even 
only very nominal accuracy is to be achieved. This 
is valid for V(r)=2* and for a large class of some 
increasing V of the same kind 

But we saw that F, may disappear for V(r)='\z 
with a<0; perhaps F; may also disappear in such a 
case, and consequently the method may be much 
better. Hence, it seems that we have two problems: 

(a) To examine if there is a class of V's such as 
features F, and F, disappear for V belonging to this 
class 

(b) To examine if the method can be improved, 
even when F; and F, are present, eventually by 
some change in the method or in the procedure 

Concerning problem (b), we report the following 
remark by M. Kac: if we instead of 
E[{Z(1; t)], 


cood 


consider, 


Ei Zt) W(X@O]}, 


then he has proved that:! 


E{ Z(1;t) - W[X@] e~'y,(0). 19 
Hence 
| Z(1;ti) Wi LX(t)] 
- log “re 9 
. tr—t, ~ Z(13tsWy[X(t)] ” 


Now (20) is no longer an asymptotic result and we 
can choose ¢,; and ft, as we like. Hence we have the 
following method: we use 7(1; 1) ¥,{X(¢)] instead of 
7(1;t); and with ¢, and ¢, sufficiently small, F; 
disappears, and also F}, at least in the case V(x) =z’. 

The difficulty is that we have to know y in 
advance. But in practice we need only a rough 
approximation of y,; it may even be sufficient, 


2M. Kac will soon publish the proof and some complementary explanat ior 





practically, to operate, instead of vi, with any 
function y such that 

¥(xr)yo(r) da 
is small In this case, (19) is not rigorous, but 
may be a sufficient approximation Under these 


conditions, it seems possible to determine such a ¥ 


by a preliminary rough experiment; it would be 
interesting to try it, but in any case the Kac-Donsker 
method became more complicated 


It appears that in general [even if V(x) #2’], this 
procedure will avoid F,; but in some interesting 
cases, F, still remains. For instance, Kac has 
studied a three-dimensional case, where (13) is 
replaced by 

. Ay . l Ay 13: 
2 pe ti - 
where 
] 
7 yi 7] | r 
It is a complicated case, because (13a) has not only 


a discrete spectrum, but also a continuous one 
However the method can be applied, with a 3- 
dimensional Wiener-Levy process Y(t), Y(t), Z(0), 
and putting 


aa l 


VX") + Yu) tu) 


It happens that, with the introduction of y, as above, 


we can avoid /;, but not F), in the sense that the 
ratio o/u remains large even for small ¢. The reason 
is that for small ¢, (X?()+1°()+77(0] is very 
large 


A useful device in many Monte Carlo methods is 
“importance sampling’ which consists in playing 
the game not with the natural distribution functions, 
but with some other distribution functions con- 
veniently chosen. But here the game is played 
with the distribution function of the X,’s, and Kac 
has proved that this distribution function is practi- 
cally irrelevant. 

The greatest hope seems in the following direction. 
Considering the case V(r)=2’, for instance, we saw 
that the problem reduces to a good statistical deter- 
mination of G(a) for a close to v/5. Let m be the 
total number of samples; let .V,, be the number of 
the samples for which 


v 


» 
<Lii)s —;te 


where a is a given positive small number. The 
determination of G(a), in the neighborhood of 
—v/é5, may be considered good if N, is greater than a 
definite number N; we can stop the game for the 
first m such that 

N.>N 





| 
| 
| 
| 
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and, by chance, this may happen for a relatiy 


small m: in other words, we can follow a sequent 
proce dure a 

On the other hand, the fact that X, 
characteristic of G(a) in the neighborhood of 
does mean that the knowledge of G(a) for some ot} 
values of @ cannot give information about \,.  \ 
can consider the general problem of the statist 
analysis of the results with respect to the spectr 
of (13 but in the present state of the statist 
there seems to be little hope in this direction. 


Is a 
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5. Appendix 
X(t) being a Wiener-Levy process, with X(0)=0, we c 
sider the following functional: 
t 
Lit ( X(u)\*du t>0). 
e ) 
This stochastic integral has a meaning when a> -— 1, in the 
following sense: X(/) being ac a continuous function, | X(¢)\* 
is ac a continuous function, and the integral 
t 
f X(u)\*du 
exists, but may be infinite But if @ 1, it is ae finite, 
because in the first place, 
a 
— l +e 7 = 
E(\X(u)'« f rite ““dr=Ku’*; 
y2ru = 
where 
9? 
1 + © " 
K -f yte ~*~ dy; 
y2r/J-@ 
and K is <+ @ if a> 1. Therefore 











- . hence f’(1 O: the 
Elu(t)l= | E\X(u)\*du=k lu 
; » ; 9) 
first member of the equality following from Fubini’s Hence (21) is equivalent to (22), with the boundary conditions 
rem In what follows we suppose a l Now Lit rio f’() 0 The solutions of (22) are 
7 2 
he same law as f “ L(1) does, because, if we put u ft fit i cos yA ft B sin VM 
ave 
y In order to have /(0 f’(1 0, we must have A=0 and 
L(t)=t X (tv) |*d \=w2/4 (1+2k)? (k=O, 1, 2 hence z > 
- x » a « rence, putting A pr, We 
have 
we consider X(tv)/y¢ , it may be considered as a ’ - 
er-Levy process in respect to v only; hence we have D(A i} 1 lit 1 = 
. 1+ 2h * (142k 
. } 2 
’ k 5 
I / f = | ) ’ "dt cos u cos V Ae 
~ Therefore 
rt Y (vr) dv has the same law as 1 1) does | 
Q cos y 20 
an application of the precedil g torm ila, the value of 
| for a=2 will now be computed Now ¢(v) is equal to Fle‘! hence. in the notation of the 
; We know, by the theorem of Part I, that the ef ¢(v) of L(1 preceding pages 
1 ! 
j al 9; - . -» on ‘ lm’« tar ‘ , : 
ial to D(2it where D(\) is the Fredholm’s determinant E[Z(s;1)]=Ele-" @ (is cosiy2s) *=(chy2s) ? 
' e integral equatior 
- Now, from an earlier remark, we have 
{ \ | mit tr) fir)dr, 21 
; JO E[Z(s:t)]=Ele-"! Efenet La E[Z(st?:1)] 
| e Tit min (¢,r) for a Wiener-Levy process; from (21 
: leduce Hence 
: 
RS * 2 
f(t s | rf(r)dr+M | r)dr. 
: j E[(Z(s;t)] ch (t y2s . 23 
HH 0 0: then 


J, f' it f(r)dr ' - 
: |, ; Los ANGELES, January 26, 1951. 











Research Paper :‘ 


Synthesis and Physical Properties of n-Heptane and 
2,2,4-Trimethylpentane 


Philip Pomerantz 


High-puvity samples of n-heptane and 2,2,4-trimethylpentane have been prepared by 


synthetic methods and purified by fractional distillation for use as standards in the certifica- 


tion of primary reference fuels 


for the comparison of precision heat-capacity calorimeters 


One lot of n-heptane was used to prepare standard samples 


The details of the svntheses 


are presented, and the physical properties of these compounds are reported 


l. Introduction 


The primary standards for the knock rating of 
gasolines are normal heptane and 2,2,4-trimethyl- 
pentane. These standards were adopted in 1930, 
pure n-heptane being arbitrarily assigned the value 
of zero octane number and 2,2,4-trimethylpentane 
designated as 100 octane number. The octane 
numbers of solutions of 2,2,4-trimethylpentane in 
n-heptane are defined by the volume percentage of 
2,2,4-trimethylpentane. The n-heptane and 2,2,4- 
trimethylpentane used as primary reference fuels 
are produced commercially and submitted to the 
National Bureau of Standards for tests and the 
American Society for Testing Materials certification 
of the samples is based on the Bureau's data. These 
tests comprise the determination of certain phy sical 
properties and the comparison of their detonation 
characteristics with those of high-purity n-heptane 
and 2,2,4-trimethylpentane, in accordance with 
specifications promulgated by the American Society 
for Testing Materials [1}.’ These specifications 
provide maximum tolerances for impurities, such 
that certified materials will have an octane number 
of 100 +0.1 for 2,2,4-trimethylpentane and 0 +0.2 
for n-heptane. 

In the early part of this cooperative program, the 


' Figures in brackets indicate the literature references at the end 


batches of n-heptane were prepared by chemi 
treatment and distillation from the resin of th: 
Jeffrey pine, whereas batches of 2,2,4-trimethy!l- 
pentane were prepared synthetically. So long as 
there were no significant changes in the methods of 
preparation, the physical properties of successiv: 
batches correctly indicated their relative detonation 
characteristics [2]. 

In recent years, however, new methods of manu- 
facture of the reference fuels were devised, and con- 
sequently, the nature and quantities of impurities 
were changed. This made necessary a new appraisal 
of the methods of testing reference fuels. It was 
found that the suitability of reference fuels could 
best be ascertained by comparison with very high 
purity compounds, and in this connection it was 
decided that the National Bureau of Standards 
should maintain a supply of high-purity n-heptane 
and 2,2,4-trimethylpentane. These materials would 
serve for use in comparison tests of ASTM primary 
reference fuels. The purpose of the present work 
was to prepare relatively large quantities of these 
compounds with a purity as high as practicable. 
These are designated as standard reference fuels. 

A portion of the n-heptane prepared was further 
purified for use as a standard in the comparison of 
low-temperature calorimeters. This material is dis- 


nd of this paper. | tributed as a heat-capacity standard by the Bureau 


TABLE 1. Physical properties of n-heptane and 2,2,4-trimethyl pentane 
| 
| Boiling | ¢) | Refractive index, Density at 
. point at ange in | mp at ’ 
Freezing point Purity -40 mm bp with Reference 
, pressure } 
: ac 25° C 2c 2° C 
* 
n-Heptane 
Mole per C/mm 
Cc cent He 
». OR. 424 1. 38764 1, 38511 0. 68368 67043 [3] 
0. 609 OS. 426 1. 38764 1. 38517 68367 67049 [5] 
90. 505 100. 00 {14] 
@. 604 +0. 005 a9 Wus4 8. 422 0. 0448 1, 38756 1. 38519 68366, 67937 This work 
©. 604 +0. 005 100. 00 Do 
2,2,4-T rimethyl pentane 
j 
107. 37 8. 233 1. 39155 | 1, 38015 | 0 69189 0. 68778 [3] 
107. 396 WO. 238 1. 30145 1. 38901 69192 68777 [5] 
107. 365 100. 00 {14} 
107. 388 +0. 005 a 40s 99. 236 0.0462 1. 30142 1. 38893 60188 68783 This work 
107. 388 +0. 005 100. 00 Deo 
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those participating in the Conference on Calorim- 
v [17]. 
Concurrently, the present work afforded samples 
n-heptane and 2,2,4-trimethylpentane of known 
h purity for the determination of their physical 
stants. These data in turn enabled calculation 
the freezing-pomt values for ‘100° pure’’ ma- 
ial with greater accuracy Table 1 lists the physi- 
constants measured on the purest samples of 
eptane and 2,2,4-trimethylpentane obtained in 
s work, along with values reported in the literature. 


2. Preparation of Materials 
2.1. n-Heptane (Synthetic) 


lhe preparation of n-heptane involved three chem- 
| steps: Catalytic reduction of purified 2-hepta- 
ne to 2-heptanol; dehydration of the 2-heptanol 
a mixture of n-heptenes; and hydrogenation of 
ese heptenes to n-heptane. In each step, purifica- 
n was effected by fractional distillation. The 
vctionating columns used have been described [9], 
t for convenience, the salient features of each are 
en in table 2. A charge of 52 gal of 2-heptanone 
btained from Carbide & Carbon Chemicals Corp 
is fractionated in still 12. This distillation was 
rried out at an initial reftux ratio of 50 to 1, but as 
distillation progressed, it was found that the 
stilled 2-heptanone contained a considerable quan- 
vy of water. This moisture is believed to have 
ume from the dehydration of the aldols of 2-hepta- 
none, which were formed under the influence of 
etallic oxides in the still pot The presence of 
vater was noted early in the distillation of the ketone 
raction, and the take-off rate was subsequently 
nereased so that the reflux ratio was about 20 to 1. 
From this distillation, 30 gal of 2-heptanone, which 
boiled in the range 150° to 151° C, was obtained. 


When a small sample of the 2-heptanone, as received, 
was fractionated in an all-glass still, no water or 
material boiling over 200° C was obtained, as in the 
case of the large-scale distillation. 

The distilled 2-heptanone was dried over anhy- 
drous sodium sulfate and catalytically hydrogenated 
in several batches to 2-heptanol. These reductions 
were carried out in a 5-gal high-pressure autoclave 
at temperatures of 160° to 180° C and a hydrogen 
pressure of 1,000 to 1,300 |b/in.*, using nickel-on- 
kieselguhr catalyst. The reaction proceeded smoothly, 
and the product was tested for the presence of 
ketone by shaking a sample with a saturated solution 
of 2,4-dinitrophenylhydrazine in 2 N hydrochloric 
acid [10]. Each batch of 2-heptanone was hydroge- 
nated until a negative test for ketone was obtained. 

The catalyst was removed by filtration and the 
filtrate distilled in column 11 in several charges. 
From these distillations there were obtained 26.3 
gal of 2-heptanol (bp 159.6° to 159.7° C). The 
first distillation of this series vielded a considerable 
quantity of 2-heptanone in addition to the aleohdt. 
The presence of ketone in the distillate was attributed 
to the action of very finely divided hydrogenation 
catalyst not removed by filtration. The high distil- 
lation temperature and prolonged boiling apparently 
caused appreciable dehydrogenation. The rest of 
the carbinol was subjected to a simple, fast distilla- 
tion to remove the catalyst, before it was fractionally 
distilled. No difficulty was experienced in frac 
tionating the material treated in this way. The 
properties of 2-heptanone, 2-heptanol, and other 
intermediates obtained in this work are given ip 
table 3 

The carbinol was dehydrated according to the 
method of Henne and Matuszak [7]. The distilled 
2-heptanol (26.3 gal) was refluxed with 19 Ib of 
concentrated sulfuric acid for 1.5 hr in a 50-gal glass- 


| lined reaction kettle At the end of this time the 


TARLE 2. Distillation columns 
[heoretical 
Still Type oe Material of construction Packing number of | Pot capac 
plates ty 
approx 
ll 
Total reflux variable take-off 16 by Glass éa-in. stainless steel helices made from 40 0 
0.006-in. wire 
do 240 by 2 Mone $2-in. stainless steel helices made from 
9.010-in. wire 
do M00 by 4 Galvanized steel s-in. unglazed porcelain raschig rings 1 
lo ano t 1 do do 100 
ic 4st i Gla e-in. glass helice 
5 do 400 by Galvanized steel in. stainless stecl helices made from 100 7 
0 6. w 
TABLE 3. Physical properties of intermediates 
Ste Density at Refractive index, np a 
Freezing = ™ 
point | mn 
. " ( me « 25° ¢ 
( 
Hept Anone 1S1.a 0. 81570 Oo. Sle |. 40878 1 ee 
Heptanol 159.7 8167 8129 1. 4203 1. 4182 
4,4-Trimethy]-1-pentene 03. 508 101. 46 7ISI2 71081 40857 1. 408902 
1,4-Trimethyl]-2-pentene 05. 321 104. 04 72177 7 41611 1. 41337 











distilled 


from the 


crude heptenes 


were reaction 


kettle. During the distillation, the condenser water 
was maintained at 90° to 95° C. and the reflux 
temperature varied from 90° to 105° C. The 


distillation was continued until sulfur-dioxide fumes 
became quite strong and the temperature in the 
kettle began to rise rapidly. The organic distillate 
was washed first with 3-percent aqueous sodium- 
carbonate, then with water, and finally dried over 
anhydrous sodium carbonate 

A charge of about 22 gal of dried organic distillate 
was fractionated in still 21 in order to separate the 
olefin from carbinol, which had steam-distilled. 
About 18 gal of olefin boiling below 100° C was 
obtained. The residue (4 gal), consisting mostly of 
carbinol, was dehydrated, using 2 lb of concentrated 
sulfuric acid, and from this reaction about 2.6 
additional gal of olefin was recovered. This material 
was dried, combined with the larger batch, and the 
entire charge fractionated in column 28. The 
distillation data showed that the olefin mixture 
consisted primarily of l-heptene and the cis and 
trans isomers of 2- and 3-heptene. As all of these 
hydrogenate to n-heptane, the main fraction of 
mixed olefins (14.5 gal boiling in the range 93.88° 
to 97.78° C) was hydrogenated at 150° C and 1,000 
lb/in.2, using nickel-on-kieselguhr catalyst. The 
“crude” n-heptane was percolated through silica gel 
and fractionated in column 11. Refractive-index 
determinations were made on each fraction, and 
freezing points [12] were taken on selected samples. 


These data are shown ia figure 1. The material 
indicated as cut 1-H in figure 1 (about 20 liters) 


was reserved for preparation of calorimetric com- 
parison standards. 


2.2. n-Heptane (from Commercial Products) 


The quantity of high-purity n-heptane prepared 
by synthesis was augmented by fractional distillation 
of a commercial product. The crude selected was 
“batch 28 n-heptane” from the West Virginia 
Chlorine Products Co. (now the Westvaco Chemical 
Division of the Food Machinery Corp.). This 
»sroduct had previously been certified by the National 
Sureau of Standards for use as a primary reference 
fuel and had a purity of 99.71 mole percent. A 
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Ficure 1. Freezing points and refractive indices of samples 


obtained from fractional distillation of synthetically prepared 
n-heptane. 
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charge of 45 gal of this material was distilled 

several runs in stills 11 and 28 at a reflux ratio ; 
100 to 1. The distillate fractions were percolat; 
through silica gel before determination of physic 
properties. The freezing points and relative | 
fractive indices were measured by the techniqu: 
previously described [12]. Differences in refractiy 
index between a selected sample and each of th 
other samples were measured by means of a Rayleig! 
interferometer. The results of one of these distilla 
tions is given in figure 2. The middle portior 
designated as cut 2-H (17 gal), was reserved fo 
preparation of standard n-heptane reference fu 


2.3. Trimethylpentane 


The 2,2,4-trimethylpentane was prepared in two 
steps: the isolation of high-purity 2,4,4-trimethyl-| 
pentene by fractional distillation of commercial 
diisobutylene, and the hydrogenation of this sampl 
to 2,2,4-trimethylpeatane. 

The large quantities of 2,4,4-trimethyl-1l-pentene 
necessary for this synthesis and for other work were 
obtamed by fractionation of commercial diisobut y- 


leae obtained from the Standard Alcohol Co. This 
fractionation was carried out in a manner similiar 
to that described previously [9]. Approximatel) 


660 gal of diisobutylene was separated tato three 
main concentrates, designated as cuts A to C, by 
batch distillation in columns 12 and 13 at a reflux 
ratio of 15 to 1. The data on these fractionations 
are summarized in table 4. 

Although both of the major isomers of diisobuty- 
lene may be hydrogenated to 2,2,4-trimethylpentane, 
the lower-boiling compound was chosen for this 
purpose because it could be obtained purer and in 
larger quantities. About 250 gal of cut B, fp 

94.17° C, was redistilled in column 12 at a reflux 
ratio of 100 to 1. From this distillation there was 
obtained 61 gal of material freezing above —93.57 
C. This freezing point corresponds to a purity of 
99.7+ mole percent. 

For the final distillation of olefin the 61 gal of 
99.7+ mole percent 2,4,4-trimethyl-l-pentene was 
divided into two portions of 15 and 46 gal, respec- 
tively. The 46-gal portion was distilled at a reflux 


S 
o 





FREEZING POT, °C 
s 








» CuT 2-# : 
90.650 
xo -4r . 
s2 
=~ 
w 2) 
2 3 REFERENCE FRACTION 
2a 
= w +4 
4 : C c 20 30 aC 50 60 70 80 x 


QUARTS DISTILLED 


Freezing points and differences in refractive index 
of commercial n- 


Ficure 2. 
of samples from fractional distillation 
heptane. 


The difference in refractive index between each sample and the reference fract 
indicated was measured by means of a Rayleigh interferometer. 
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\ were 2-butar and tertiar 
- io of 150 to 1 in still 28 The 15-gal portion, 
A t however, Was subjected to an azeotropic distilla- 
- on with 4 gal of methyl cellosolve [11] at a reflux 
- ratio of 100 to 1 in still 11 Both distillations 
elded center-cut products of the same _ purity, 
\ ‘ vr . a 
vhich together totalled 29 gal This material had a 
hs reezing point of 93.52° C. which corresponds to 
- purity of 99.8 mole percent 
lhe combined product of 99.8-mole-percent purity 
P is catalytically hvdrogenated at 160° C and 2,000 
7 »in®. The hydrogenated product was tested for 
= nsaturation [16] and when completely hydrogenated 
of was percolated through silica gel and distilled in 
. olumn 28 at a reflux ratio of 150 to 1. One-quart 
fractions were collected and passed through silica 
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gel before the measurement of physical properties 
The data from the distillation are shown in figure 3 
The portion marked 3—O in figure 3 was reserved for 
preparation of standard 2,2,4-trimethylpentane. The 
physical constants listed in table 1 for this com- 
pound were measured on material from this distilla- 
tion having the highest freezing point 

3. Determination of Purity 
The most common method of determining the 
purity of a substance is by comparing its freezing 
point with the freezing point of the substance con- 
taining zero impurity; from the depression of the 
freezing point and the constants, the 
purity of the material may be calculated. In order 
to apply this method, however, the freezing point 
for zero impurity must be accurately known. The 
latter value may be calculated [14], but such caleu- 
lations are subject to error. To avoid the uncer- 
tainty in the determination of purity by eryoscopic 
measurements, was made to purity 
terminations by calorimetric means [6]. 

The Thermodynamics Section of the Bureau has 
used a low-temperature calorimeter for determining 
with high accuracy the purities of various materials 
6, 15] G. T. Furukawa and P. F. Wacker of the 
Thermodynamics Section this instrument to 
determine the purity of several of the n-heptane 
and 2,2,4-trimethylpentane samples obtained in 
this work. The mole percentage of n-heptane in 
cut 1-H, prepared synthetically was found to be 
99.983. A portion of cut 1-H was recrystallized 
three times by R. T. Leslie and W. E Kuper, of the 


ervoscopic 


recourse de- 


used 


Pure Substances Section of the Bureau, to vive a 
product of 99.9984 mole percent. The physical 
constants listed in table 1 for n-heptane were 


measured on this material 
99.985 mole percent A portion of cut 2-H was 
recry stallized, also by R. T. Leslie, to \ ield a product 
of 99.9979 mole percent purity 

The purity of the synthetic 2,2,4-trimethylpen- 
tane, obtained by distillation alone (cut 3-O), was 
found to be 99.994 mole percent; the middle portion 
of this cut was 99.998 mole percent. As this purity 
was sufficiently high for the purposes at hand 
further purification was considered necessary 


Cut 2-H had a purity of 


4. Analysis of Diisobutylene 


Previous work on diisobtylene |9, 18] has shown 
that this commercial olefin mixture 
predominantly of 2,4,4-trimethyl-l-pentene and 
2,4,4-trimethyl-2-pentene, with lesser amounts of 
other isomers. ‘The present work has extended this 
analysis to identify three other isomers present in 
very small amounts 

Of the cuts listed in table 4 of the preliminary 
distillation of diisobutylene, only cut C was further 


consists 


investigated) About 150 gal of this material was 
redistilled in several batches in column 13. From 
these fractionations, two portions designated as 
1—-Cl and 4-C2 were obtained These are shown 
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Fiaure 4. Refractive 
ples obtained 
trimethyl-2-pentene 


from 


in figure 4, in which the data of one of the re- 
distillations of cut C are illustrated. Cut 4-—C1, 
100 gal, was high-purity 2,4,4-trimethyl-2-pentene 
(99.3 mole percent). The properties of the best 
sample of this material are given in table 3. 

Cut 4-C2 appeared to be a complex mixture; 
it was analyzed by the ozonolysis of a 0.5-mole 
sample. The technique employed for this ozonolysis 
has been described [13]. Both formaldehyde and 
acetone were found in the aqueous layer, and 
acetaldehyde was found in the ether trap. Form- 
aldehyde was identified by means of its dimethone 
derivative, mp 188° to 189° C; acetone was identified 
as dibenzalacetone, mp 111° to 112° C; and acet- 
aldehyde was identified by means of the aldehyde 
ammonia complex, mp 85° to 87° C. The oil 
from hydrolysis of the ozonide was fractionated 
in still 9. The properties and methods of ideati- 
fication of the several fractions are shown in table 5. 
The last two derivatives listed were quite impure, 
but the fact that admixture of the known substance 
raised the melting point of each was considered a 


Taste 5. 


arbony! compound 
identified * 


HO to 64 


102 to 103.5 


190 to 131 


132 to 133 





the larger fragments from the « 
in the text. 


* Only 
described 


Results from 


yzonolysis are included here. 
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fair indication that the ketone was cocrectly identifie: 
The latter consideration is strengthened by t} 
fact that admixture of derivatives of isomeric keton, 
lowered the melting point in each case. T! 
ketones and aldehydes identified by this mea: 
indicate that the major components of cut 4—( 
were (1) 2,4,4 trimethyl-2-pentene, (2) 5,5 dimethy 
2-hexene, (3) 2,3,4-trimethyl-l-pentene, and (4 
2,3,3-trimethyl-l-pentene. There were undoubted! 
smaller quantities of other hydrocarbons presen! 
but these were not identified. The residue fro: 
the distillation of cut C was fractionated in colum 
9 and found to contain only 3,4,4-trimethyl- 2-penten 
and 2,3,4-trimethyl-2-pentene. 

The analysis of the diisobutylene is given in tab! 
6 and is based primarily upon distillation data. 


TaBLe 6. Analysis of diisobutylene 


Percentage 
by volume 


Constituent 


2,4,4-trimethyl-1-pentene 
2,4,4-trimethyl-2-pentene 
3,4,4-trimethyl-2-pentene 
,3,4-trimethyl-2-pentene 
> 


9 


2,3,3-trimethyl-1-pentene 


x 


2,3,4trimethyl-1-pentene 
5,5-dimethyl-2-hexene, and others 
Alcohols, ketones, and low-boiling materials 


5. Conclusions and Discussion of Results 


Over 22 gal of n-heptane and 12 gal of 2,2,4-tri 
methylpentane have been prepared in very high 
purity for use as calorimetric standards and standard 
reference fuels 

The purest sample of n-heptane was prepared by 
crystallization of the distilled product. This ma- 

| terial was percolated through silica gel before making 
the purity measurements and found to have a 
freezing point of —90.604 +0.005°C and a purity 
of 99.9984 mole percent by calorimetric measure- 
ments. Using the freezing point-depression of 0.20 
deg C/mole percent [2], the freezing point of n-hep 


ozonolysis of Cut 4-C2 


2,4-Dinitropheny} 
hydrazone mp 


bp Mixed mp Dimethone, mp 


Lf Li 
26 to D7 
207 [8] 


14. 5 to 166 


144 to 145 
167 [4 


147 |4) 


@ to 
100 to 102 '13 


§ to BS 
111 to 112 (9) 


The identifications of formaldehyde, acetaldehyde, and acetone are 





containing zero impurity in air at l-atm pressure 
0003 deg C higher. However, this figure is 
nificant as the precision of measurement of the 
ing point (+0.005 deg C) is larger by an order 
iagnitude. The freezing point of ‘‘100-percent- 
n-heptane, therefore, is —90.604 +0.005° C, 
n measured by the method described in [12]. 
he purest sample of 2,2,4-trimethylpentane had 
reezing point of 107.388 +0.005°C and a 
ty of 99.998 mole percent. The freezing point 
) 2,4-trimethylpentane containing zero impurity 


be calculated likewise to be very nearly the | 


e as that observed for this very high-purity 


ple 


rrateful acknowledgment is made to G. T 
ukawa and P. F. Wacker, of the Thermody- 
nies Section of the Bureau, for their work on the 
ity determinations of several fractions, and R. 


Leslie and W. E. Kuper, of the Pure Substances | 


tion, for their work in recrystallizing several of 


st 
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Some General Theorems on Iterants’ 
P. Stein’ 


If B is a square matrix, then it is known that a necessary and sufficient condition that 


lim 
== 


tive condition is given in this paper, in terms of Hermitian matrices. 


B*=0, isthat the characteristic roots of Bare all of modulus less than unity. 


An alterna- 


Further, a generaliza- 


tion of the result is obtained that covers cases of matrices B whether B* does or does not 


converge to 0, except for very special matrices. 


Introduction. If B is a square matrix with real 
or complex elements, it is well known that a necessary 
and sufficient condition that lim B"=0 is that the 


n—+o 

characteristic roots of B are all of modulus less than 1. 
In this paper an alternative condition for the 
convergence of B* to 0 will be given in terms of 
certain Hermitian and symmetric matrices. We 
also obtain a generalization of this result that 
covers matrices B when B* does or does not converge 


to 0, except for a special class of such matrices B. | 


My thanks are due to Olga Taussky Todd for the 
help and encouragement I received from her in the 
preparation of this paper. My thanks are also due 
to f J. Paige for valuable suggestions toward the 
improvement and simplification of the proofs. 

We will consider square matrices B whose elements 
are either real or complex. The conjugate transpose 
of B will be denoted by B*. 

THEOREM 1. A necessary and sufficie nt con- 
dition that lim B"=0 is that there exist a positive 

n-*+@ 
definite Hermitian matriz H for which H— B*HB is 
positive defin ite. 
Corollary 1. If B is real, H may be taken real and 
symmetric. 
Proof: Necessity: 
such that 


Let P be 


PBP“'=K,+K.+ ...+K,, 


where K, is the Jordan normal form; i. e. 
K =), 1°"+ U0, 
where >> N.=N, 
i=l 
characteristic roots of B, and U"*™ is a matrix with 
units in the superdiagonal and zero elsewhere. 
Let 6,—4(e,) be the diagonal matrix (e€,;*', «©, 
, 1) for i=1, 2,...F. 


If Q=6,+6,4 6, , then 
K=QPBP-' Q'=N,+N,+ ... +N, 
N, 5,K 67" gl T €,U; 


it being understood that J and U are of the correct 
order. 


where 


! This work was performed under a National Bureau of Standards contract 
with the University of California at Los Angeles, and was sponsored in part by 
the Office of Naval Research 

1 University of Natal, Durban, South Africa, and University of California at 
Los Angeles. 








a nonsingular matrix | 


d, are the not necessarily distinet | 
| definite for such values of «. 


| y*U—K*K)y=2*( 


| 2*(H—BtHB)z=y*(I—K*K)y>0, (K 


Note that 
I-K*K=(I-—N,*N,)+(U—N,*N)-4 
+- (I —N,*N,) (2 


is positive definite if and only if (I—N,*N)) is 


positive definite for all 7. Clearly 


I—N,*N,y=(1—X AD) J — 6 QU 44,0 *4+€U%U 
(3 
will be positive definite if 
= y*QX,U+A,U*) 
Foie [ t Ya 
yoy 
y*U*Uy 
yy “ |for y #0. (4 
If \4=max |A,|, we have 
y*(\,U+A,U*) *U*U 
fe ie ¥<2M, also ¥——~¥ <1 for all y <0: 
yy yy , 
hence 


y*QU +r *)y y*U*Uy 
1 . er a 
y*y y*y 


e,M -+-e? for all y ~0, 5 


Since lim B"=0, |\;|<1; hence, from (3), (4), and 


n—-@ 
(5), 1—N,*N, is positive definite for sufficiently small 
values of «; and so from (2), J[—K*K is positive 
A change of variable 
y=QPz gives 


B*HB)z, where H=P*Q*QP. 


Since /7 is clearly positive definite, the proof for 
the necessity part is complete. 

Sufficiency:* Let H be any positive definite Her- 
mitian matrix for which 7—B*HB is positive defi- 
nite. Since // is positive definite, H=D*D, and by 
making the change of variables Dr=y, 


DBD" 


(6 


——— 
' This proof was"suggested by L.J. Paige. 


























Now, if Ay is any characteristic root of A (and 
ce of B), yy, an associated characteristic vector, 
see that 
y*I— KR) y=ytyi—XOAM* ye >0. 
Thus, |A; <1 for all characteristic roots of B, and 
nce B" will converge to 0. 
lo prove the corollary, we suppose the elements of 
real. Let H be the matrix of the theorem, then 
A+iS, where A is a real symmetric matrix, and 
s a real skew-symmetric matrix. If His positive 
finite, then it is known that A is positive definite. 
ain 
B*HB=H—B’HB=A—Bb’ AB+i (S—B’'SB). 
B’SB is skew-sym- 
definite, then 
Hence we may use A 


BAB is symmetric and S 
tric. If H—-B’HB positive 
|\—B’ AB is positive definite. 
place of #7 in the theorem 
We give a sufficiency test for the nonconvergence 

B" to 0. 
Theorem 2. If there exists a non positive-definite 
atric H such that H—B*HB is positive definite, then 


m 3" 0. 


Is 


For proof, we observe that if #7 is not positive 
lefinite, a vector z may be found such that 2*Hzr <0. 
Further, if —B*HBE is positive definite, the se- 


quence 2*2*"HB"r is decreasing. Hence lim 2"z7 +0 
aa 


ind so lim RB" 0. 


It may be observed that the condition that 
H1—B*HP should be positive definite may be 
weakened to H1—P*HP at least positive-semi- 
dehinite, provided H is not positive-semi-definite. 

Now we shall prove a generalization of the neces- 
sity part of theorem 1. 

Theorem 3. Let B be a matrix whose characteristic 

ts of modulus 1 have multiplicity no greater than 
0. Then there exists a nonzero Hermitian matrix H, 
such that H,— B*H,B>0 

Corollary 2. If B is real, H, may be taken real and 


fuw 


symmetric. Proof. Using the expression (2) for 

/—K*K), we see that 

I~K*K—K*(I—K*K)K=[I—N,*N,—N,*(/ 
N,*N,)NiJ+. . .+[(J—N,*N,—N,*(I—N,* NN; 
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and again, this will be positive semidefinite if 


N,*(I—N,*N,)Ni=(1—K,,)*1 
KAVE+e[\,U*E+ 5, EU +e U*EU, 


(I—N,*N; 


2e,(1 (8) 


XU+MU0*+eL*L) }, is positive semidefinite. 
Obviously, by a proper choice of ¢;, (8) can be 
made positive definite if B has no characteristic roots 
of modulus 1, 
If B has a characteristic root such that \,A;—1, the 
right side of (8) vanishes for roots of multiplicity 1. 


. er 0 0 
For roots of multiplicity two, (8) becomes ( 0 x 
€; 
and hence can be made positive semidefinite. 
Now a simple change of variables, y= QPr, as_in 
Theorem 1, yields 


») 
- 


y*|(((—K*k) 
x*|(H— B*HB) 


K*(1—K*K)K}y 


B*(H— B*HB)B\z=0, 
where H=P*Q*QP. 
chosen as /]— B*HB. 

If the multiplicity of a root of modulus 1 is three or 
greater, the right side of (8) is not positive semi- 
definite since it will always contain the principal 

0 x? 

2? +. 27,2, ) 

Hence the method used in the proof of this theorem 
does not yield an //, in these cases. 

It may be observed that lim B” 


n+ 


Thus the 77, of our theorem is 


subminor e? ( 


0, if and only if 


For, if B has no roots of 
modulus equal to 1, then from the proof of the 
theorem it follows that HT, B*H,B positive 
definite, and the results follow from the sufficiency 
part of Theorem 1 and from Theorem 2. If B has a 
root of modulus 1, then since H,—H—B*HB, we 
may show, as in the proof of the sufficiency part of 
Theorem 1, that //, is at best positive semidefinite, 
and hence also not positive definite. In this case 
also lim B" #0, 


i-@ 
Corollary 2 may be proved in the same way as 
corollary 1 of theorem 1. 


H, is positive definite. 


Ls 


Los ANGELEs, October 12, 1951. 
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Ionization Constant of 5-5'-Diethylbarbituric Acid 


from 0° to 60° C 


George G. Manov,' Kathryn E. Schuette, and Floyd S. Kirk 


Measurements are reported for the ionization constant and for related thermodynamic 
quantities from 0° to 60° C for 5-5’-diethylbarbituric acid. 

Two series of solutions corresponding to molal ratios of barbiturie acid:sodium 
barbiturate :sodium chloride (or iodide) of 1:0.5:1.667, 1:1:1.667, and 1:2:1.667 were investi- 
gated.* The values obtained for the ionization constant of the acid using these three ratios 
of acid to sodium salt and two types of reference electrodes were found to agree within the 
experimental error of the measurements. Two other series of solutions in which both the 
ratio and the concentration of the buffer materials were maintained ac a fixed value and that 
of the halide ion was diminished were also studied. The effect of sodium iodide on the pK’ 
of the buffers was normal, whereas that for the sodium chloride was anomaious but could 
be explained in terms of a demonstrated interaction at low concentrations of sodium chloride, 
between the soluble barbiturate ion and the silver—silver-chloride electrode used in the cell. 


The variation of pK for 5-5’-diethylbarbituric acid with the absolute temperature 7, 


where 7T'=273.16+0t°C, 
pk 
over the range 0° to 60° C, 


l. Introduction 


Solutions of barbiturates are used to control the 
acidity of biological media [1]? in the vicinity of pH 7 
and are useful in blood chemistry, where the use of 
this buffer does not remove calcium and magnesium 
salts as does, for example, a phosphate buffer. Bar- 
biturates are also used as sedatives and anaesthetics, 
and the time lag between the injection of the bar- 
biturate and the onset of anaesthesia is thought by 
some investigators [2] to be related to the rate of 
absorbtion of the un-ionized molecule and hence to 
the ionization constant of the barbituric acid. 

In general, the various substituted barbituric acids 
and the corresponding sodium salts are capable of 
easy purification and permit the preparation of a 
wide range of monobasic buffer mixtures. Measure- 
ments of the pH of such buffers have been made with 
the glass electrode [3] for a number of substituted 
barbiturates. The particular compound chosen for 
this investigation was 5-5’-diethylbarbituric acid 

oO 
(C,H,;) C—N 
\ 
Cc C—OH 
4 
(C,H;) C—N—H 
O 

A number of measurements of the ionization con- 
stant of the acid and of the pH of the acid-salt buffer 
mixtures have been made by other investigators 
[1, 3, 5, 6, 7], using cells that involved a liquid junc- 
tion. The specific electric conductance was meas- 
ured by one worker [4]. The data reported in this 


paper for the ionization constant were obtained by 
the use of hydrogen and silver-silver-halide elec- 





| Present address, Atomic Energy Commission, Oak Ridge, Tenn 
? Figures in brackets indicate the literature references at the end of this paper. 
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can be expressed by the equation 
2324.47/ 7+ 0.0118562T 


3.3491 


trodes in a cell without a liquid junction, according 


to the method of Harned and associates [8]. 
2. Experimental Details 
2.1. Materials and Solutions 
The components of the buffer solutions studied 


were 5-5’-diethylbarbituric acid* and its sodium 
salt (hereafter abbreviated to HB and NaB, re- 
spectively), and either sodium chloride or sodium 
iodide. The reason for the use of the two halides is 
explained later. 

Because of the confusion in synonyms, it was 
found that little credence could be placed upon the 
reliability of the scattered values found in the liter- 
ature for the solubility of the acid or of the sodium 
salt. The approximate solubilities of HB and of 
NaB were therefore determined in the conventional 
manner. The approach to equilibrium was made 
from the directions of under- and of supersaturation; 
the solutions were analyzed by titration with stand- 
ard acid or base. The solubility of 5-5’-diethyl- 
barbituric acid in water at 5° and 25° C was found 
to be 0.019 +0.001 and 0.028 +0.001 mole per liter 
of solution. A solubility of 0.017 m at 0° C is esti- 
mated. This value is important because it limits 
the concentration of HB that can be used in a buffer 
solution at the lowest temperature of the experi- 
ments. The solubility of NaB was determined at 
5° and at 25° C in a similar manner and found to be 
0.79 +0.01 and 0.82 +0.01 mole per liter of solution.‘ 





3 Considerable confusion is present in the early, and particularly in the foreig 
literature by the plurality of names that have been used synonymously for 5 
diethylbarbituric acid (and occasionally for other barbituric acids), for example 
veronal, luminal, medinal, barbitone, barbital (used indiscriminately for bot! 
the acid and the sodium salt), ete. 

‘ For the solubility of HB, Squire and Cains [9] give 0.031 molal at 15° C and 
0.043 m at 27° C; Casparis [10] states that 1 part of acid dissolves in 145 parts of 
“cold” water, corresponding to a solubility of approximately 0.04 m. For NaB 
the data of Puckner and Hilpert [11] yield 0.29 m at 5° C and 0,84 mat 25° C; the 
requirement of the U. 8. Pharmacopoeia [12] is that 1 part of the sodium si! 
shall dissolve in 5 parts of water at room temperature and corresponds to a mini- 
mum solubility of approximately 0.8 molal. 








| 











d 


n 





nall portions of barbituric acid were recrystal- 
three times each from ethyl alcohol and from 


ne. The melting points of the products were 
3° C (uncorrected) in both cases, whereas that 


he original acid (USP grade) was approximately 
C lower. The material recrystallized from 
‘hol was found to be wetted easily by water, 
reas that from the toluene was not, and the main 
tion of the acid was therefore recrystallized from 
shol. 
(he sodium salt was purified in the following 
mer: 100 g of NaB (USP grade) was dissolved 
00 ml of warm water and filtered to remove any 
lissolved impurities, 300 ml of ethyl alcohol was 
vided and the mixture cooled to 5° C and the product 
tered. The yield was approximately 40 percent. 
The pH values at 25° C of 0.05-molal solutions 
termined with a glass-electrode pH meter) of the 
original and of materials that had been recrystallized 
once and twice were, respectively, 9.75, 9.80, and 
982. The distilled water used to prepare these 
solutions had been freshly boiled and was protected 
against atmospheric carbon dioxide during cooling. 
The pH of the water varied from 6.2 to 6.4. 
Experiments were performed on separate 0.02- 
molal solutions of HB and NaB to determine the 
effect of small amounts of acidic or alkaline impuri- 
ties on the pH of the mixtures. Such information 
s of importance in determining the extent to which 
the HB and NaB should be purified. The results, 
presented graphically in figure 1, show that 0.25 
mole percent of an acidic impurity (added as HCl) 
lowers the pH of 0.02-molal HB from 4.69 to 4.47, 
whereas the same amount of an alkaline impurity 
added as NaOH) raises the pH from 4.69 to 4.84. 
The corresponding figures for NaB are from 9.75 to 
9.60 and from 9.75 to 9.95. The effect of small 
amounts of impurities is particularly noticeable 
when the HB and NaB are tested separately, be- 
cause the buffer capacity of the solution in such 
cases is very low. The same amounts of impurities 
in a solution in which the buffer ratio is unity would 
each cause a difference in the pH of only 0.001 unit. 
Obviously, if the impurities were weak electrolytes, 
their effect on the oH of the buffer solution would be 
reduced still further. If the impurities were homo- 
logs of 5-5’-diethylbarbituric acid (or of the sodium 
salt), it would be possible, of course, for the acid (or 
the sodium salt) to contain an appreciable amount 
of impurity without changing the pH of the separate 
solutions significantly. The USP grade acid and 
sodium salt used in the determination of pA’ and pH 
were each recrystallized twice with yields of approxi- 
mately 55 and 40 percent, respectively, for each 
crystallization. The melting point of the USP 
grade acid was also 188.6° C (uncorrected), and the 
first and second recrystallizations both melted sharply 
at 188.8° C. The purification of the materials 





by recrystallization to the extent that the pH of | 


successive fractions of the acid and of the salt in 

0.02-m solutions changes by less than 0.1 unit 

evidently is adequate. 
‘he densities of solid 


HB and NaB (needed to 
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and of alkaline (NaOH) impurities on the pH of a 0.02-m 
solution of 5-5'-diethylbarbituric acid and of a 0.02-m solu- 
tion of sodium 5-5'-diethylbarbiturate. 


reduce the weights of these materials in air to a 
vacuum basis) were determined with sufficient 
accuracy by measuring with a Westphal balance the 
densities at 25° C of the mixtures of benzol and 
chloroform in which the two solids would remain in 
suspension without appreciably floating or sinking. 
The densities thus obtained were 1.3 g/cm° for both 
the HB and NaB. 

The sodium chloride was purified by passing 
gaseous chlorine into the boiling saturated solution 
that had been acidified slightly. The excess chlorine 
was removed by passing a stream of air through the 
boiling solution until the odor of free halogen dis- 
appeared and a negative test for free halogen was 
obtained with starch-iodide on a portion of the 
solution. The main portion of the sdiation was then 
cooled to room temperature and the pH adjusted to 
neutrality with a small amount of aqueous sodium 
hydroxide prepared from metallic sodium and water. 
An equal volume of ethyl alcohol was added to the 
solution, and the precipitated sodium chloride was 
filtered and dried at 110° C. The pH of a 0.05- 
molal solution of the product was not significantly 
different (+0.03) from that of the water used to 
prepare the solution. Analysis: [13] of the purified 
sodium chloride by Gladys D. Pinching, of the 
Bureau, showed a bromide content of 0.002 percent. 
This method for the purification of sodium chloride 
is a modification of the one described earlier [14] and 
eliminates the steps [13] involving the precipitation 
of the salt with hydrochloric acid (which must also 
be free of bromide impurities) and the subsequent 
necessity for the fusion of the sodium chloride under 


special conditions to remove traces of hydrochloric 
acid and to prevent hydrolysis of the salt 

Sodium iodide was purified by recrystallization 
from water in the conventional manner. The dis- 
tilled water used for the preparation of the solutions 
had a maximum specific conductance at 25° C of 0.7 
micromho 

All solutions were prepared by weight methods, 
and the concentrations of the various components 
were known to a precision of +0.05 percent 


2.2. Electrodes 


The hydrogen and silver-silver-chloride electrodes 
were prepared as described previously [14] The 
Ag-Agl electrodes used were of the thermal 
electrolytic variety, in which a paste of silver oxide 
was heated to 450° C and the resulting silver par- 
tially converted (5 mole percent) to silver iodide by 
electrolysis in l-m HI. Several lots, each containing 
18 electrodes of this type, showed an average repro- 
ducibility in potential of +0.05 my (+0.0008 pH) 
The values for E° obtained by Owen [15] were 
employed in the present paper.’ In table | are given 
the values used for E° for the twe silver-silver- 
halide electrodes and for other used 
elsewhere in this paper 
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* The work reported in this paper was completed prior to the general adoptior 
of the absolute units of electromotive force Inasmuch as EF, / umd & are all 
expressed consistently in international volts, the true value of pA is obtained 
2.3. Procedure 


silver-halide electrodes were 
liquid junction in two series 


Hydrogen and silver 
used in cells without a 
of experiments 

In the first series, a stock solution was prepared 
corresponding to the fixed ratio of HB:NaB:NaX 
(where X was either chloride or iodide), and a num- 
ber of dilutions of this stock solution were made 

Measurements of the emf of the cells containing 
these dilutions were made from 0° to 60° C, and the 
data were used for evaluating the ionization constant 
of HB In the second, the concentration of HB and 
of NaB were maintained at a constant value, whereas 
that of the NaX was progressively diminished. 

The values for E° for the Ag-Agl electrode are given by Owen [15] over the 
range 5° to #@° C by EF 0.15219—0.328 x 10" — 25 1.6 10°*(f — 2 Owen 
found that electrodes prepared by fusion of a coprecipitated mixture of silver 


oxide and silver jodide were somewhat less reliable than either the thermal 


electrolytic variety or those prepared from silver oxide and silver iodate 





| emf 


The emf measurements of the cells were made f 


0° to 40° C, and the data were used to detern 
the effect of NaX on the apparent ionization const 
of HB. 

The arrangement of the thermostat, the consi 
tion of the solution flasks, the filling of the cells, 
related matters have been described by Hamer 


3. Determination of the Ionization Constan 
of 5-5’-Diethylbarbituric Acid From 0° io 
60° C 
Measurements were made of the emf of the 

system 


- 


Pt; H,, HB, NaB, NaX, AgX; Ag 


in which the proportions and concentrations of HB, 
NaB, and NaX (X=Cl or 1) were systematical}) 


varied. The measured emf, £, of the cell is given by 
E=E° —k log (ay) (ax), 9 
where dy and ay are the activities (a=fm) of th 
hydrogen and halide ions. By defining 
pk log K 
where 
K = (ay) (dg) /(Ay~) = (Ay) (fF gmp) /(faamue { 


and with the assumption that fy,—1, 
rewritten to yield 


eq 4 may be 


pK =(E—E°)/k + log (myy/my)+ log my + log (fy/f, 


The last term in eq 5 cannot be calculated unless 
pA is known, and it is therefore convenient to define 
a new quantity, pA’, such that 

pk’ (E 


E°)\/k +log (myp/ms,) +4 


log my =pK —log (fx/ fx). 6 
Equation 6 contains only terms whose values either 
are known or can be measured experimentally. By 
definition, the activity coefficients of the ions become 
unity at infinite dilution, and consequently a plot 
of pA’ against the ionic strength, u, (for univalent 
buffer-halide solutions, u.=m,-+ may be extra- 
polated to u=0 to yield pA.° Having obtained an 
extrapolated value for pA, it is then possible to use 
eq 5. if desired, to calculate values for log (fx Tp at 
finite concentrations. 


iy 


3.1. Measurements of pK’ with Hydrogen and 
Silver-Silver-Chloride Electrodes 


For the determination of pK, three different pro- 
portions of HB:B:Cl were investigated at each 
temperature. 


* In dilute solutions, the hydrolysis of barbiturate ion results in a slight increase 
in the buffer ratio, (mawa/ma I'he largest effect is observed at 60° C for the t 
dilute solution of the 1:2 buffer ratio, and amounts to +0.0012 in pK’ (0.07 
The effect of hydrolysis is considerably less at lower temperatures a 
negligible for the 1:0.5 ratio at all temperatures 




















series A the proportions of HB:B:NaCl were 
|. 667; in series B, 1:1:1.667; and in series C, 
667. The concentration of HB in the most 
ntrated (stock) solution for each series was 


oximately 0.015 molal to prevent separation of 
free acid at 0° C 

dilution of the stock solution was made by weight 
and the resulting solutions were used to 
ne cells. 

feasurements of the emf of the cells were made 
5° C, then at 5-degree intervals from 0° to 60° C 
finally at 25° C, and, in general, the initial and 
emf at 25° C agreed to within 0.15 mv 


hods. 

















The composition of the solutions and the emf of the 


cells (in 
pressure 


of 


in table 3 


international 


hvdrogen 
Values for pA’ at each concentration, and tempera- 
ture were calculated by means of eq 6 and are given 


volts 


us, 


are 


corrected to 
in table 


given 


l-atm 
» 


Figure 2 shows the variation of pA’ with the tome 


strength. 7 


. 
he 


experimental 
series A, B, and C are designated by circles 


pomts 


obtained in 


ah 
rhe 


yoints designated by squares refer to the data ob- 
| ; | 


tained with 


sodium 


iodide 


and 


electrodes and are discussed later 
As mentioned previously, the extrapolated values 
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Series A. Ratio HB:NaB:NaCl<14 1.067 
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“ee table 2 for the concentrations of the solutes 
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RATIOS OF HB: B: Ci lor 1) OF 1.0.551.667, Oi 1.667; Oe 12"1.667 
Variation of pk’ with toni strength for various 


fired ratios oJ HB Nab Nat | (or Nal 


Ficure 2 


wmiium 


trodes 


The data from the cells using silver-silver-chioride electrode and 
' 


chiotide, are designated by circles and those using silver-silver-iodide ele 
and sedium iodide are designated by squares 


obtained for pA from each series of measurements 
do not depend upon the validity of eq 6, because log 
(fx/fn) 0 when p=0. Examination of the plot of 
pA’ against uw, however, indicated that the points 
fell on a straight line, of the type pA’=pA-4 Bu, in 
which 8 is the slope 

The values for pA at 25° C obtained were 7.9792, 
7.9815, and 7.9775 for the three series in which the 
buffer ratios (HB:NaB) were 1:0.5, 1:1, and 1:2 
The average value for pK at 25° C weighted accord- 
ing to the number of experimental points in each 
series 1s 7.9792 + 0.0010 

Values for pA at several other temperatures were 
also calculated for each buffer ratio and show ap- 
proximately the same degree of concordance. 


3.2. Effect of the Concentration of Alkali Halide 
on pK’ 


In cells without a liquid junction (eq 1), the pres- 
ence of a soluble alkali halide is necessary to insure 
the reversible functioning of the silver—silver-halide 
electrode. 

When measurements of pH are made by means of 
a practical assembly, such as hydrogen-calomel or 
glass-calomel cells, the soluble halide in the buffer 
solution serves no useful purpose; in fact, it is con- 
venient to prepare a buffer solution without the ne- 
cessity of weighing out an extraneous salt. 

Measurements are therefore usually made of the 
emf of the series of cells containing solutions in which 
both the ratio and the concentrations of the buffer 
acid and its salt are maintained at a fixed value, 
whereas that of the alkali halide is progressively 
diminished. 

The values thus obtained for pA’ can be plotted 
against the molality of the halide (usually the plot 
is a linear, or very nearly so), and extrapolated to 








zero concentration of halide to obtain the pA 
the halide-free buffer.’ 

The value for pA’ at zero concentration of chlo), 
ion (and for finite concentration of both Mun d 
my) is designated as pwH by Bates [1s 
pw acy PA’. 

The value of pwH 
pH of the buffer. <A 
obtaimed, depending on 
estimate log fe. 

Although this method had _ been 
applied at the Bureau in a study of a number of 
buffer-chloride mixtures, anomalous results wer 
obtained with barbiturate-chloride solutions. The 
plot of pA’ against » was not a straight line through- 
out its entire length, but dropped sharply as th 
concentration of chloride ion relative to that of th 
buffer was diminished. The anomalous behavior 
can be explained by postulating some kind of a re- 
action between barbiturate ion and _ solid 
chloride that has an increasing tendency to 
place the lower the concentration of soluble chloricd 
in the solution. An experiment was performed jn 
which approximately 0.01 mole of solid silver chloride 
(free from extraneous, soluble chloride) and approxi- 
mately 0.01 mole of NaB were shaken together for 
several days with 100 ml of distilled water. The 
filtrate was acidified with nitric acid and yielded a 
qualitative test for chloride ion with silver nitrat: 


can be used to calculat 
variety of values can ly 
the assumption used to 


success! V 


silver 


take 


There are several possible explanations. For ex- 
ample, one reaction might be AgCl+ B~ = AgB+ C! 


another might involve the formation of undissociated, 
slightly soluble AgB; still another perhaps the forma- 
tion of a complex ion such as AgB,;, ete. It was not 
considered necessary to delve further into the various 
possibilities, especially as a simple method was 
found to eliminate the effect entirely. 

The extent to which the reactions postulated above 
occur can be made negligible by the use of a suffi- 
ciently high concentration of soluble chloride in the 
barbiturate-chloride mixture. It should also be 
possible to diminish them by the substitution of the 
chloride by iodide, both in the solution and in the 
If one considers, for example, 
the reaction AgCl + B~ = AgB+ Cl-, one may write the 
equilibrium constant as Ay = AKage:/ Kagn = (@ci- /An- 
where Kage: and Kags are the solubility products for 
silver chloride and for silver barbiturate. Similarly, 
for the reaction AgI + B- =AgB-+1-, the equilibrium 
constant is y= Ag: / Kagn = 4)- /dy-, where Kae is the 
solubility product of Agl. Subtraction of the 
second reaction from the first. yields AgCl+1 
AgI+-Cl- for which, at the same initial concentration 
of B~ and assuming that the occurence of the reac- 
tion does not appreciably alter the concentration of 
B-, Ky=Kager/Kagi=de1-/a-. Since the ratio of 
the solubility products of silver chloride and silver 
iodide at 25° C is approximately 10°, substitution of 
chloride by iodide in the electrodes and in the 
barbiturate-halide solution should be quite effective 
in preventing any side reactionsof the type postulated 
above. 


’ Note that the extrapolation does not permit calculation of pA, because 
and ma» remain constant in this type of measurement 


reference electrode. 

















ic emf of a series ef barbiturate-iodide buffers 
therefore studied. The results confirmed the 
iction and showed no abnormal effect of iodide 
he apparent lonization constant of barbituric 

The plots of pA’ at 25° C for a ratio of 
NaB of unity against various concentrations of 
im chloride and of sodium iodide are shown in 
re 3. The concentrations of the solutions, the 
in international volts (at 25° C) of the cells 
ected to l-atm pressure of hydrogen gas, and the 
ic for pA at 25° C are given in table 4 


j Apparent effe ct al 24° ¢ 


of sodium chloride and of 
m iodide on the value fo pA for 5 


-diethulbarbituric 
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The value for pwH obtained with silver—silver- 
iodide electrodes was 7.985 at 25° C 

In attempting to obtain data on pwH°® one must 
not accept at face value measurements involving 
only sodium chloride, lest the possibility of such an 
inomalous reaction exist. The relative solubilities 
of the silver salts of the halide and of the buffer anion 
should be known. Unfortunately, accurate data 


l gE 5 Observed electromotive force, 
mixtures of 5-5'-diethylbarbituric acid (myn), sodium 
Solution mun ™ ny “ I 
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in international volts, of cells composed of hydrogen and silver 


px VALUES AT 25% 
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of sodium chloride and of sodium 
5-5'-diethylbarbituric acid 


Ficure 3. Effect at 25° C 
iodide on the pK’ for 


are not available for most organic salts contaiming 
silver. Additional experiments with a soluble iodide 
and silver—silver-iodide electrodes may be necessary 
if measurements on the buffer salts have been made 
with only silver-silver-chloride electrodes 


3.3. Measurements of pK’ with Hydrogen and 
Silver-Silver-Iodide Electrodes 


In view of the above findings, it became of interest 
to determine whether the value for pA obtained by 
extrapolation depends on the nature of the reference 
electrode used in the cell shown in eq 1. Measure- 
ments were therefore made of the emf of the cells 
containing hydrogen and _ silver—silver-iodide 
trodes immersed in buffer solutions composed of 
various concentrations of HB, NaB, and Nal. The 
concentrations of the solutions and the emf, in in- 
ternational volts, corrected to l-atm pressure of 
hydrogen gas are listed in table 5. The values of 
pA’ for buffer ratios, HB:B, of 2.0, 1.0, and 0.5, 
caluclated by eq 6, are given in table 6 and are desig- 
nated by in figure 2. The plot of pA’ 
against « proved to be linear, and over the range 5 
to 40°C the positions of these lines (calculated by 
least squares) were found to be very nearly the same 
as those obtained for the corresponding measure- 
ments for the chloride series 

The average difference im the extrapolated values 
for pA between the Ag-AgCl series and the Ag-Agl 
series over the range 5° to 40° C was —0.0018 unit 
in pA, or about 0.1 mv in emf. 

In table 7 is given a summary of the extrapolated 
values obtained for pA and 8, using the two types 
of reference electrodes. 


squares 


silver-iodide electrodes and 
5-5'-diethylbarbiturate (mp), and sodium iodide (my, 
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* Averaged in proportion to the number of cells in each serie 


* Calculated by means of eq 7 

The variation of pK for 5-5’-diethylbarbituric 
acid (col. 6 of table 7) with the absolute temperature 
7(273.16+-0°C) can be expressed by the equation 
2324.47/7+-0.0118562 7 —3.3491 (7) 
with an average deviation of +0.0017 unit. The 
value for pA at 37° C was calculated by means of 
eq 7. In figure 4 the circles and the squares, respec- 
tively, correspond to the values obtained for pK 
with Ag-AgCl and Ag-Agl electrodes. The solid 
curve is that corresponding to eq 7. 


4. Comparison With Other Values in the 
Literature 


pk 


With one exception, all other previous measure- 
ments [1,3,5,6,7] of the ionization constant of 5-5’~di- 


Taste 8 Comparison of the values found for pK for §-5'- 
diethylbarbituric acid by diffe rent investigators * 

Year Investigator Method pk s 
1 |) Wood [4) Conductance 7.43 
10) |) 6Kolthoff [5 H,p-calome! cells 7.4 

130 | Michaelis [1 do T= 
1atl Britton and Robinson (6) do &U 
1ah7 Kush {7) do 7.4 
140 | Krahl [3) 70 

14s rhis research Cells without liquid Junction 7. 080 


* Corrected where necessary to 25 
entiation of eq 7 
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The circles and the squares, respectively, designate the data from the chlorid 
and from the iodide cells, respectively The solid line is that obtained fr 


equation 7 


ethylbarbituric acid have been obtained by the use 
of a reference solution of assigned pH value and a 
cell involving a liquid junction. Wood [4] measured 
the specific electric conductance of HB solutions 
The values for pA obtained by other investigators 
corrected to a uniform temperature of 25° C (by 
means of the value for dpA/dT obtained from eq 7 
and mereased by 0.04 unit, when appropriate, to 
place them on the “activity’’ basis, are listed in 
table 8. 


5. Derived Thermodynamic Quantities 


The relation between the ionization constant of a 
weak acid and the temperature can be used to com- 
pute a number of derived thermodynamic properties. 
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free energy [19] of ionization is given by 


RT In K=2.3026RT pK=—AH TAS 


which the change in entropy, the heat of the 


tion, and the change in the heat capacity can be 


ned by suitable differentiation [19] of eq 7 and 8 
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Infrared Absorption Spectra of Five Halomethanes 
Earle K. Plyler and Nicolo Acquista 


The infrared absorption spectra 


dibromodifluoro methane 


of 


five 
bromochlorodifluoromethane, 
iodotrifluoromethane have been studied from 2 to 38 microns. 
overtone, and difference bands have been identified. 
been predicted by comparisons with related molecules and with Raman spectra. 
mentals have been classified as to the type of motion and the principal atom involved. 


halomethanes, bromodifluoromethane 
bromotrifluoromethane, and 
Fundamental, combination 
Many unobserved fundamentals have 
The funda- 
Four 


tables are included to show the relationships among the fundamentals of the molecules 


compared, 
l. Introduction 


The infrared spectra of bromodifluoromethane, 
dibromodifluoromethane, bromochlorodifluorometh- 
ane, bromotrifluoromethane, and iodotrifluorometh- 
ane have been measured from 2 to The 
purpose of the measurements was to identify the 
fundamentals and to classify them as to their modes 
of vibration. The resulting classification allows a 
comparison of the vibrations of these molecules with 
other related substituted methanes studied by other 
investigators [1].'. Recently Decius subjected many 
methane derivatives to a normal coordinate treat- 
ment and quantitatively verified the experumental 
assignments [2]. Plyler and Benedict extended the 
calculations of Decius and were able to check some 
of the assignments of the molecules they studied [3]. 
In addition, the Raman spectra of the molecules 
have been investigated [4]. 


2. Instrumentation 


A double-beam Perkin-Elmer model 21 
photometer measured the compounds from 2 to 15 ug, 
and a single-beam Perkin-Elmer spectrometer ex- 
tended the measurements from 15 to 38 uw A KBr 
prism was used from 15 to 234 and a TIBr-I prism 
from 23 to 38 xu. 

For most of the measurements from 2 to 23 yu, a 
5-em gas cell with pressures of | atm or less was 
used. In order to detect some of the weak absorp- 
tion bands, two cells of 40- and 130-cm lengths were 
employed. These two cells could not be evacuated 
They were filled by flowing gases through them. 

The five compounds were supplied by R. C. 
MecHarness of the Jackson Laboratories. Tests 
made by the Bureau’s Mass Spectrometry Section 
indicated minute traces of foreign halogenated. 
methanes in four of the compounds. Only CBr,F, 
had impurities in slight excess of 3 percent. These 
impurities were not observed in the CBr,F, spectrum, 
probably because they were masked by the strong 
absorption bands of the molecule. 


3. Results 


Figure 1 shows the absorption spectra of CHBrF,, 
CBr,F,, and BrClF, in the region from 2 to 15 u. 
The cell length was 5 cm for all measurements. The 


spectro- 


; 
) 


' Figures in brackets indicate the literature references at the end*of this paper 


of atmospheric bands. 





pressure used is indicated on the graph. It is seen 
that pressures as low as 0.01 cm of Hg were necessary 
to resolve the structures of the strongest bands In 
some cases, it is possible to tell from the graph 
whether the bands have P, Q, and R, or only P and 
R branches. 

Figure 2 shows the abosorption spectra of CBrF 
and CIF; from 2 to 154. The pressures of the gases 
are indicated next to the respective traces. The 
cell length employed was also 5 cm. The curves in 
figures 1 and 2 are traces from the original record 
obtained from the double-beam spectrophotomete: 
These graphs have not been corrected for surface 
reflection of the cells or for stray radiation in the 
instrument. However, a reflection filter was used 
beyond 9.2 u, and as a consequence, the stray radia- 
tion did not exceed 5 percent at any wavelength 

Figure 3 shows the infrared absorption spectra of 
the five compounds in the region from 14 to 36 x 
These measurements were extended to 38 u, but no 
bands were observed beyond 36 yu. These com- 
pounds were measured in the gaseous state, using 
cells of 5, 40, and 130 cm in length. The pressures, 
where measureable, are indicated on the graph 
Attempts were made to examine the spectra of these 
molecules as a liquid because many of the funda- 
mentals did not appear in the gaseous state. How- 
ever, due to the high volatility of all the compounds 
at room temperature, only CBr,F, could be measured 
in this manner. A liquid cell with a thickness 1.5 
mm was used for these measurements. The portion 
of the curves drawn in broken lines indicates that 
weak absorption bands could not be observed because 
Table 1 gives a list of wave- 
lengths of all the bands that appear in the infrared 
In addition, there are listed bands that do not appear 
either because their intensity is too weak or because 
they fall outside the wavelength region studied 
These frequencies are taken either from the Raman 
spectra or from overtone and combination bands 
Some of these frequencies have also been predicted 
by comparison with analogous halomethanes. When 
a band has been sufficiently resolved by the prism 
spectrometers, the P, Q, and R, or P and R branches 
have been listed separately. The intensities are 
indicated adjacent to the respective band, and these 
are denoted by abbreviations of very weak, weak, 
medium, strong, and very strong. The funda- 
mentals have been designated by the numbering 
system proposed by Plyler and Benedict [3]. Using 





otation, it is possible to see the regularities The number of fundamentals expected in these 
exist among related molecules of different | molecules can be predicted, as is well known, from 
netry. Another way of denoting the funda- | symmetry considerations. The five compounds can 
tals, which was also used, is to characterize | be put into three point groups. CBrClF, and 
by the molecular motion involved. In this | CHBrF, have only one plane of symmetry (the 
em, vz represents the stretching vibration be- | CBrCl and CHBr plane, respectively), and thus 
n the central carbon and the X atoms, and 4, | belong to the point group C,, whereas CBr,F, has 
fies the bending of the X atom against the rest | two symmetry planes, placing it in C,,. The mole- 
he molecule cules CBrF; and CIF, have a threefold axis of sym- 
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1. Classification cf the infrared bands of bromodi- Six methods were used to identify and classify the 
Ie en ee eee fundamental vibrations of the five halomethanes, as 
aa ; : follows 1) comparison with available Raman 
spectra; (2) comparison with the calculated values of 
Stepanov [5]; (3) comparison with similar molecules, 
that is, isotope effect; (4) calculation based on over- 
tone and combination bands; (5) intensity considera- 
tions; and (6) consideration of band envelopes 
In table 2 are shown the nine infrared fundamental 
frequencies of CHBrF,. These are compared with 
the calculated values of Stepanov and with the 
assigned fundamentals of CHCIF,. Of eight funda- 
mentals found in the infrared, seven give rise to 
strong bands. Stepanov estimates that his calcu- 
lated values are accurate to within 30 to 50 em 
Six of the nine fundamentals fall within this accuracy 
The classification of CHBrF,, as to the modes of 
motion and the main atom involved, is based on the 
assignments of the related molecule CHCIF,. Six 
rv and three planes of symmetry. Therefore | of the fundamentals should have almost the same 
belong to the point group Cy... Molecules in the | value for the two molecules, as they involve pri- 
it group Cy, have six different active funda- | marily the motions of the same atoms. The other 
tals, whereas those in C,, and C, have nine, one | three vibrations, vg,, dpp,, and d,,, should all occur at 
vhich ws, is theoretically inactive in the infrared, | smaller wave numbers than the corresponding vibra- 
which is actually found in this type of | tion ve, deer, and d. This is the case for the 
cule 


WAVE NUMBERS IN CM™ 


1} \V 


\] | | | 


\; | | 
mee SR Oe Oe I 
8 9 . 

WAVELENGTH IN MICRONS 


FiGcure ; Absor ption spectra of bromotrifluoromethane and iodotrifluo omethane J om 2to 15 uw 


95 





NUMBERS IN OM” 
400 350 


(Oem CELL 


400m CELL 


50cm CELL 


2% 24 26 
WAVELENGTH IN MICRONS 


spectra of bramodifluoromethane, bromochlorodifluoromethane, dibromodifluoramethane 
rvromotrifluoraomethane, and iodotri luoromethane from 14 lo 36 y 


assignments in table 2. The frequency, 240 em”, The six fundamentals of CBrF, and CF,I have 
which was outside the T1Br-I region, was determined | been accounted for by a comparison with the cal 
from the combination bands. The value 240 em™' | culated values of CBrF, of Stepanov and with the 
for w, seems more probable for the bending vibration | fundamental frequencies of the related symmetric 
of bromine than the calculated value of the 320 em top molecule CCIF, previously studied. Five of the 
when related molecules are considered fundamentals of CBrF, and CF,I fall within the 

spectral region measured. The sixth fundamental, 


Tanue 2. Infrared fundamentala of bromodifluoromethane Wos, WAS determined from 


compared with the fundamentals of chlorodiflueramethane and ( ‘BrF 
th the calculated values of Stepanov : 


the calculated value for 
and for CF,I it was determined from the 
combination bands. The vy,, vp,, and dy, vibrations 
of the three molecules have almost the same fr 
Classifica cHet m CHEr in Cilirt 
tio frared gas, » | frared gas, » | caloulated quencies. It is somewhat unusual that the vibra 
LIONS ver, Ym, and » are almost equal, This effect 
may be produced by the small C-F distances in thes: 
10 on . 2.8 P 
1M) | molecules. The intensities of w, and wy, the dp for 
1a, Oe = both compounds, are very weak. This appears to 
B76, dr, sh) be typical of this vibration and is found to occur 
sti. on wa 


1108, 1070 similar fluoromethanes. The selection of these two 


mm wo 


3M -- frequencies as fundamentals seems justifiable on thi 


basis of the overtone and combination bands. Tabl 


Predicted from combination and overtone bands 3 also shows that the effect of replacing a chlorine b 





3 Comparison of the fundamentals of bromot ifluoro- 
ane and iodotrifluoromethane with the infrared funda- 
tale of chlorotrifluoromethane and cith the calculated 


amentals of Stepanov, 


cc CBrt 
nfrared frare 


gas, » 


Ist) 


ed from combination and diff 
ited value of Stepanov 
vomine or iodine is to shift the corresponding 
ations to longer wavelengths. Except for 5,, 
5,, there is little doubt in the assignments of the 
damentals of these two molecules 
ome difficulty was experienced in the assignment 
the fundamentals of the molecule CBr,F, and 
wClF,. Five fundamentals appear at wave num- 
less than 440 em The intensities of these 
ds are low Furthermore, three of the bands, 
and ws, overlap and could not be resolved 
ertheless, provisional assignments have been 
le for CBr, F, and CBrClF,, based on a compari- 
with the Raman spectra of Glocker and Leader [6}, 
calculated values, and also the infrared values 
he related halomethane CCIF,. The relation- 
ms among the three molecules can be seen from 
1. Five infrared fundamentals for CBr,F, 
found, and these check well with the Raman 
etra. The bands at 1088, 1150, 829, and 621 
are all very strong, but the band at 331 em 
sured in the liquid state is very weak. The five 
quencies are all smaller in wave number than the 
corresponding frequencies of CCI1,F,, as would 
expected. The remaining frequencies a,, wo, 
ind w, were too weak to be determined in the in- 
ied, and consequently the Raman values have 


Deel accepted and classified As the fundamentals 


»;, and w, overlap, the assignments of these 


hands are doubtful. 


( 


| 


CBrClF, can be considered an isotopic molecule 
either CBr.F, or CCLF,. Its fundamentals 


should be intermediate in value. This is seen to be 


thy 


case for the four strong infrared bands at 1102, 


gb 4 ( om parison of the infrared fundamentals of dibro- 
vlifuoromethane and bromochlorodifluoromethane with the 
frared values of dichlorodifluoromethane, the Raman values 
libromodi fhluoromethane, and the calculated values of bro- 
whlorodi fluoromethane 


C Bry Fs CBrclk CBrclF 
Raman infrared 
liquid, » gas, 


CBryF», in 
frared gas, » 


CChFs, in 
frared gas, + 


em cm! cm 
TORR, re 77 1102, wre 
1150, ors 1150), wee 
S20, whee S72, 
621, rte 3 OAK, we 
> 340, dp, B * 400, dy, 
©3531, dvire . * 380, dra 
> 307, dp tre 7 440, dpc 40 
» 282, Tor * 300, Tor on) 
164, dine 165 * WM), dy a”) 


licted from combination and overtone bands and related molecules 
in Values ¢ Liquid 





1150, 872, and 648 em The frequencies @,, @,, 
w,, and w. were determined from the combination 
bands, from the calculated frequencies of Stepanov, 
and from the related molecules CBr.F, ana CCF; 
An examination of the band shapes in the cases of 
the two symmetric tops, CBrF, and CF,l, further 
confirms the assignments for these molecules. In 
both cases the vibrations w,, w, and w, are of 
symmetry species A,, and wes, wy, and wy, are 
of species FE. Species A, should show a strong central 
maximum, the transition moment being parallel 
to the top axis. Species E should lack such a 
feature and lead to perpendicular bands. <A few 
bands in the spectra of these molecules have enve- 
lopes that clearly possess or do not possess a zero 
branch. In each case this is consistent with the 
assignments made. For example, in the case of 
CFsl, w, at 13.5 yw, and @, at 9.32 » should and do 
have central maxima ; ws, at 8.44 « should not and does 
not have the characteristic P,Q, and R structure 
For the asymmetric tops, this method is not quite 
as rewarding. For those molecules of point group 
C,, CHBrF, and CBrClF,, symmetry considerations 
show that of the nine fundamental vibrations, three 
will be of type C (transition moment lying along the 
axis of greatest moment of inertia), and the remaining 
six will be hybrids (transition moment having com- 
ponents along the other principal axes of moment 
of inertia) The tvpe ( bands should possess 
strong central maxima, and the hybrid bands, central 
maxima of varying prominence. Due to the inability 
to distinquish the type of band unambiguously, 
it was felt that consideration of the band envelopes 
would contribute little 
The remaining molecule, CBr,F,, is of point 
(,,. For this point group, there are three types of 
bands, A, B, and C, with ws and wy being of the first 
type, w), w:, w;, and w, of the second, and ws and w, 
of the last. Type A and C bands can be expected 
to show strong central maxima; type B_ should 
exhibit central minima. It was possible to check 
several bands of this molecule, and in every case 
but one the assignments and band shapes are 
consistent. Some doubt, however, exists as to the 
band at 11.43 yw, classified as w.—w This is a 
type C band, but the separation between the P and 
R branches is great enough to indicate a type A 
band. If this be a type A band, a possible explana- 
tion lies in the spectrum of CBrClF,. In. this 
spectrum a very strong band of the same shape 
occurs at the same wavelength CBr,F,, the least 
pure of the five molecules, may contain CBrClIF, 
as an impurity 
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